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Abstract 



Phenomenology of the Basis-Independent CP- Violating Two-Higgs Doublet 

Model 

by 

Deva A. O'Neil 

The Two-Higgs Doublet Model (2HDM) is a model of low-energy particle interactions 
that is identical to the Standard Model except for the addition of an extra Higgs doublet. 
This extended Higgs sector would appear in experiments as the presence of multiple 
Higgs particles, both neutral and charged. The neutral states may either be eigenstates 
of CP (in the CP-conserving 2HDM), or be mixtures of CP eigenstates (in the CP- 
violating 2HDM). In order to understand how to measure the couplings of these new 
particles, this document presents the theory of the CP-violating 2HDM in a basis- 
independent formalism and explicitly identifies the physical parameters of the model, 
including a discussion of tan /3-like parameters. The CP-conserving limit, decoupling 
limit, and the custodial limit of the model are presented. 

In addition, phenomenological constraints from the oblique parameters {S, T, 
and U) are discussed. A survey of the parameter space of this model shows that the 
2HDM is consistent with a large range of possible values for T. Our results also suggest 
that the 2HDM favors a slightly positive value of S and a value of U within .02 of zero, 
which is consistent with present data within the statistical error. In a scenario in which 
the heaviest scalar particle is the charged Higgs boson, we find that the measured value 
of T puts an upper limit on the mass difference between the charged Higgs boson and 
the heaviest neutral Higgs boson. 
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Chapter 1 
Introduction 



The nature of electroweak symmetry breaking is one of the most important 
remaining puzzles in particle physics today. The Standard Model of particle physics 
contains a mechanism for electroweak symmetry breaking (EWSB), but experimental 
confirmation for it has not yet materialized. Many other models of EWSB have also 
been proposed. Since the Large Hadron Collider, which will start running in fall 2009, 
is optimized to make discoveries at the electroweak scale, refining experimental predic- 
tions and constraints for these models is a pressing research goal. The purpose of this 
document is to explore electroweak symmetry breaking through the Two-Higgs Doublet 
Model (2HDM), an extension of the Standard Model. The 2HDM presents interesting 
theoretical possibilities, such as CP-violation in the scalar sector of the theory. It also 
presents challenges, since its phenomena are constrained by electroweak precision data. 
In this document a basis-independent version of the 2HDM will be presented in both 
CP-conserving and CP-violating scenarios. In addition to the formalism of the model, 
identification of the observable parameters of the 2IIDM will be emphasized. New 
insights into custodial symmetry in the context of this model will also be discussed. 
Finally, the phenomenology of the CP-violating 2HDM will be explored, making use of 
the "oblique" parameters S, T, and U; and the well-known parameter tan (3. 



1.1 Electroweak Symmetry Breaking in the Standard Model 

The Standard Model of particle physics is constructed by applying gauge sym- 
metries to the interactions of fundamental particles. At high energies (above the elec- 
troweak scale) the gauge group is SU(3)xSU(2)xU(l). Here we will focus on the elec- 
troweak sector of the theory [SU(2) xU(l)], introduced by Glashow, Weinberg, and 
Salam [48, 49]. A gauge symmetry alone requires a massless vector field correspond- 
ing to each generator of the symmetry group. However, spontaneous breaking of the 
gauge symmetry produces masses for the vector fields. The breaking of SU(2)xU(l) 
to U(l)g]y[ leads to one gauge boson remaining massless (which we identify as the pho- 
ton) and three gauge bosons acquiring mass, which reproduces the pattern observed in 
nature in the electroweak interactions. 
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This spontaneous symmetry breaking occurs when a scalar field acquires a 
non-zero vacuum expectation value (the "Higgs Mechanism"). Once one postulates the 
existence of such a scalar field (the Higgs field) , it may then be employed to give masses 
to fermions. The details of this mechanism are discussed below. 



1.1.1 The Higgs Mechanism 

Using the notation of [102], we will represent this hypothetical scalar field as 
(p, and take its U(l) charge to be It also has an SU(2) spinor structure. Then under 
the SU(2)xU(l) gauge group, the field transforms as 



e 



^^-^e'f'^S, (1.1) 



where t"" are the generator matrices for SU(2), ie r° = (t"/2. By convention, the vev of 
this field is taken to have the form 

The kinetic term of the scalar Lagrangian is written 

CKE = \D^,(t)\^, (1.3) 

where is the covariant derivative 5^ — igA^r^ — i^g'B^^. The mass terms for the 
gauge bosons appear when the vacuum expectation value of eq. (1.3) is taken: 

Cke =k(0 {gAl.T- + ^B^l) (^A^V + ^Bn) Q 



^v^(0 l) (f A^a'^ + ^S^l) (f^^V^ + ^Bn 



'9\Alf+gHAl)'+{g'B,-gAl)']. (1.4) 



The first two terms in eq. (1.4) gives the mass of the charged field = "^(^^ -F^^^); 
and the second gives the mass of the neutral field = —-^===^[gA^ — g' B^). The 

remaining orthogonal field is A„ = ^ (gA^+g'Bn). Thus, one can rewrite eq. (1.4) 
in terms of observable fields as follows: 

ji^KE = ^g'wi^W^- + y (5' + g''')z^z'^. (1.5) 

Reading off the masses for the gauge bosons yields 

V 

'2' 

ruA = 0. (1.6) 
The massless field A^ we identify as the photon. 



iT^w = ^TT' = Vg^ +g'^: 
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1.1.2 The Scalar Lagrangian 

In order for the Higgs field to have a non-zero vev, we take its Lagrangian to 
have the form 

£ = + A((/<V)', (1-7) 

so that the potential energy has a minimum at 



It is conventional to expand (f) around its vev: 



— ( ^ 6* = —( 



(1.9) 



The G^, G^ are Goldstone bosons; The field h(x) is a neutral scalar field of zero vev, 
whose excitations give rise to a scalar particle, the Higgs boson. We will work in unitary 
gauge, absorbing G^ and G^ into the gauge potential terms, so that h{x) is a real-valued 
field. In this gauge. 

The Higgs boson's potential energy density can be found from the latter terms in 
eq. (1.7): 

V = fi^h^ + Xvh^ + -Xh'^. (1.11) 
4 

One can then read off the mass of the Higgs boson, irih = Comparing to eq. (1.8), 
one obtains 

mh = V2Xv. (1.12) 

Thus, without knowing the value of the Higgs self-coupling A, one cannot predict the 
value of ruh, even though v is known from measurements of the W mass to be 246 GeV. 

Although the Goldstone fields do not explicitly appear in the Lagrangian, 
and thus do not correspond to observable particles, the degrees of freedom that they 
represent are still present in the theory after electroweak symmetry breaking. Three of 
the original four massless vector fields have acquired mass, which adds three degrees 
of freedom to the gauge boson sector. More precisely, the Goldstone bosons G^,G^ 
become the longitudinally polarized states of and W^, respectively, which is reflected 
in the equivalence theorem [12], [30], [33], [90]: A high energy process (g » mw) involving 
longitudinal gauge bosons has the same amplitude as one in which they are replaced by 
the corresponding Goldstone bosons [Z^ G^ and G^], up to 0{'mw/q). 

The mixing between the and -B^ that produces the physical Z boson and 
photon fields may be represented in terms of the "weak mixing angle" 6\y, as follows: 

Z^ \ _ f cos6'vy —sinOw \ f \ q j^gj 



A J \ sin 9w cosdw J \ B 
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where 0086*1^ = , ^ and s'mOw = , ^ (Note that there is a simple relation 

between the masses of the Z and W, mv^ = m^cos^vF-) Then one can rewrite the 
covariant derivative as 

D^ = b^- i^(W^+r+ + W~T-) - i^—Z^{T^ - sin2 6wQ) - ieA^Q, (1.14) 
Y 2 cos uw/ 

where the generators in this basis are = ^(cr^ it icr^) and Q = +Y, and e is the 
electric charge, related to g via g = . 

We have thus shown how our original gauge symmetry SU{2) x U (1) with 
generators T"" and Y has been broken, leaving an unbroken symmetry U{1)em whose 
generator is Q and gauge boson is the photon. The other 3 gauge bosons have gained 
mass through the Higgs mechanism. In the Standard Model, this mechanism also implies 
the existence of a fundamental massive scalar, the Higgs boson. 

1.1.3 Generating Fermion Masses 

To explore the effect of electroweak symmetry breaking on the fermion sector, 
let us first concentrate on leptons. We will later generalize this discussion to quarks. In 

the Lagrangian, left-handed leptons appear in SU(2) doublets Ei = i ^ ] ■ For the 

V~J L 

first generation, 

^ = EL{ip)EL + eR{ip)eR + quark terms. (1.15) 

The right- and left-handed fermion fields are defined the usual way; iIjr,l = Pr,liIj, 
where -Pr,l = ^(1 it 75). Explicit lepton mass terms cannot be added to this model, 
since left-handed fermions appear as SU(2) doublets and the right-handed fermions are 
singlets. Hence, terms such as meCReL + rneeLeR are forbidden. Thus, to generate mass 
terms, one requires a scalar SU(2) doublet (p that interacts with right- and left-handed 
leptons, which one can parametrize in terms of a dimensional coupling constant r]^ as 

-Jfy = 7]^ El ■ (peR + h.c. (1.16) 

After (j) acquires a vev, a mass term is generated: 

-^Y = -^V^CLCR + h.c, (1.17) 

from which one can identify mg = '^V^'^- 

An analogous calculation can be made for quarks; in a one-generation model, 
masses would be generated in the form = '^V^ ^^^d jn^ = -^ff^ from Yukawa 
interactions similar to eq. (1.16). However, when the model is expanded to 3 generations, 
additional complications arise from the mixing of quark generations. Writing the SU(2) 

doublets as Q\ ~ \ j^ij ' ^'^^ 



.^Y = Ql-4>rful + Ql-cl> (r?^)t D% + h.c. , (1.18) 
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where cp = ^cr20*) and the flavor indices have been suppressed. Here, Q^, f/]^, 
denote the interaction basis quark fields, which are vectors in the quark flavor space. 
In this basis, the couplings t]^'^ {Q = U , D) are two non-diagonal 3x3 matrices. To 
identify the quark mass-eigenstates, one applies unitary transformations of the left- and 
right-handed and fields to diagonalize the matrices r]^ , i.e.: 

PlU = V^PlU° , PrU = vKPrU"^ , 

PlD = V^PlD'' , PrD = V^PrD"^ , (1.19) 

and the Cabibbo-Kobayashi-Maskawa (CKM) matrix is defined hy K = Vj^V^'^ . The 
Yukawa coupling matrices in this basis are as follows: 

r?^^y,%^'V^^t^ r^D^VEv^'^'V^'. (1.20) 

[Note the different ordering of and in the definitions of r]^ for Q = U, D.] In 
terms of the mass-eigenstates, eq. (1-18) becomes 

-^Y = Ul4° ^fUR + DlK^ ■ cp- rf^UR + UlK ■ 4>+ v^'^Dr + DL-(tP if^DR + h.c. 

(1.21) 

One could write eq. (1-21) more compactly by defining Z// = K'^U, and Ql = Then 
the Yukawa Lagrangian in the mass-eigenstate basis can be written 

-^Y = Ql ■ ^ifUR + Ql ■ cPtj^^Dr + h.c. (1.22) 

One can now obtain the mass matrices Mjj and by taking the vev of (p in eq. (1.21), 
which yields 

diag(m„ , mc , mt) = V^^M^^vj^^ , (1.23) 
diag(mrf , m, , m^) = V^^ . (1.24) 

By generating masses for the fermions and gauge bosons, the Higgs mechanism allows 
the Standard Model to reproduce the phenomena observed in nature. In order to confirm 
that this is how electroweak symmetry breaking is implemented in real life, we would 
have to observe the production of the Higgs boson in particle accelerators. Certain 
theoretical constraints may be used to indicate the likely range of the Higgs mass, as 
discussed in the following section. 

1.1.4 Constraints on the Standard Model Higgs Mass 

1.1.4.1 Bounds on the Higgs Mass from Finiteness and Vacuum Stability 

The Standard Model cannot be a valid description of nature at all energy scales. 
It must be superseded by a theory that incorporates gravitational interactions near the 
Planck scale (10^^ GeV). It may be that the scale at which new physics beyond the 
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Standard Model emerges, A, is high (far above the TeV scale), in which case the mass of 
the SM Higgs must be fairly light, lest the Higgs self-coupling become divergent at a scale 
below A. For A ~ Mpi, the resulting upper bound from the two-loop renormalization 
group equation (RGE) is nih < 180 GeV [70], in rough agreement with more recent (two- 
loop) calculations, which have placed the upper bound at 174 GeV [75] and 161.3 ±20.6 
GeV [107]. Since the only case in which A would remain finite at all energy scales would 
be in the non-interacting (or "trivial") theory, in which A = 0, this is sometimes called 
a "triviality" argument. 

On the other hand, if new physics enters at a low scale (on the order of 1 TeV), 
the Higgs boson can be heavier. In a pure scalar (c^^) theory, the Higgs mass can be as 
much as 1 TeV before A is driven to infinity below the cut-off scale [91]. Cabbibo et al. 
[24] derive a stringent upper bound on nih by extending this analysis to include Yukawa 
interactions with the top quark. For the RGE of A they exhibit 

16^2^ = 12A2 + 6Ay2 _ 3yf + 0{a), (1.25) 

where t = ln(g^/f^) and yt is the Yukawa coupling for the quark, yt = ^/2mt/v. Re- 
quiring that the Higgs coupling X{q) be finite (up to some high energy scale where new 
physics sets in, such as jtigut); they numerically calculate the maximum value for X{v). 
(This upper bound for A(f ) is dependent on the mass of the top quark, which was not 
then known.) The coupling X(v) can then be related to the Higgs mass via eq. (1.12). 
For mt = 175 GeV, this corresponded roughly to 

ruh < 200GeV. (1.26) 

This calculation can be repeated for two loops, but theoretical uncertainties are signifi- 
cant [70]. 

To bound the Higgs boson mass from below, one considers vacuum stability. 
This condition specifies that V{v) < V{(f)) for all \(f)\ < A, where V{v) is the value of the 
scalar potential at the electroweak minimum. For small values of the running coupling 
X{v), the top quark contribution to the RGE can produce a negative value of X{q), so 
that the radiatively-corrected effective scalar potential would be unbounded from below 
[92, 113, 5, 28]^. This occurs because while Vtree ~ A^^, for large 14// ~ X{t)4>'^, 
where t = ln(i;^^/M^) and M is the renormalization scale [112]. Thus at some scale t, 
X{t) becomes negative. 

One subtlety that appears in the literature on vacuum stability is that the 
scalar potential at large \(p\ can have a region deeper than the electroweak vacuum 
provided that the decay of the "false" electroweak vacuum is suppressed [7, 76, 9, 41, 
112, 114]. By requiring that the lifetime of the metastable electroweak vacuum is less 
than the age of the universe, one derives a lower bound on nifi that is not as strict as 
the one from stability. The most recent calculation of this metastable region is given in 
ref. [77] and shown in Fig. 1.1. 

^This argument is controversial. Branchina et al. [22, 21] argue that the region of instability in the 
scalar potential lies beyond the range of validity for the perturbative RGE. This absence of vacuum 
instability is confirmed by lattice results [43]. The results of refs. [22] and [21] are disputed by [40]. 
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Figure 1.1: Bounds on the Standard Model Higgs mass from ref. [77], using rrit = 173 
GeV and a3{Mz) = .118. The lowest bound is from vacuum metastability, the middle 
bound from vacuum stability, and the upper (dotted) bounds are from perturbativity 
requiring A (A) < 3,6 (see [70]). 

Because these RGEs arise from perturbative calculations, one might worry 
that they would not be valid for large A. Lattice calculations have been used in order 
to produce a non-perturbative analysis, which would be valid even for high values of 
the coupling. The non-perturbative limit on the Higgs mass is found to be m/j < 
9mw ~ 700 GeV [86]. This result is similar to that derived by Lunscher and Weisz 
[95], m/i < 9.6 mw- This consistency suggests that the perturbative calculations may 
be roughly accurate. 

1.1.4.2 Higgs Mass Bounds from Unitarity 

In a theory of the electroweak interactions without a Higgs boson, tree-level 
perturbative calculations of scattering amplitudes (such as W~^W~ W'^W~) have 
terms proportional to which lead to amplitudes greater than unity at high values 

of the CM energy (s ^ "i^^). This violation of unitarity is fixed by the presence of 
the Higgs boson; once diagrams involving the Higgs boson are included, the terms of 
order in the tree-level scattering amplitudes cancel, leaving only 0(1) terms. Thus, 
the Higgs boson has the effect of "unitarizing" gauge boson scattering. In principle, 
different mechanisms could unitarize // VlVl and VlVl — > VlVl, respectively; in 
the Standard Model the Higgs boson unitarizes both [78]. 

Lee et al. [90] [89] derived a critical value of the Higgs mass from tree-level 
unitarity of processes involving longitudinally polarized gauge bosons, with the condition 
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|flo| ^ 1) where ao is the amphtude of the zeroeth partial wave for W~^W~ — > W'^W~. 
A more restrictive version of this condition, |Re ao| < ^ [4, 47, 94], produces a stricter 
bound of 

-^<|9^-(700GeV)^ (1.27) 

as derived in ref. [97]. 

This is a tree- level result, which represents the maximum value of nih for which 
a perturbative analysis of the scattering amplitude is reliable at all energy scales. If 
the Higgs mass is above this value, it would indicate that the weak interactions become 
strongly coupled at high energies, or that additional scalar particles not described by 
the SM are present to stabilize the amplitudes. 

This analysis has been extended to two-loops by Durand et al. [38]. Refine- 
ments of their calculation in [111] give results that are very similar to that of eq. (1.27). 

Attempts have been made to analyze unitarity using non-perturbative ap- 
proaches, which would be valid for large A. In particular, one can analyze SU(N)xU(l) 
theories in the large N limit [39]. Although the numerical results would not necessarily 
be valid for N = 2, this approach may yield a conceptual understanding of the strong 
coupling regime. Furthermore, it can be used to validate the perturbative approach 
in the small A limit. To next-to-leading order in 1/A^, the non-perturbative analysis 
of // — > /i — > VV and ff^h^ff scattering in the large N limit matches the 
NNLO perturbative results for mh < 800 — 900 GeV [18]. It is also found that above 
nifi = 1 TeV, the Higgs mass no longer increases as the coupling increases, which vio- 
lates eq. (1.12). This analysis suggests that if the Standard Model is correct, the Higgs 
particle will be found below about 1 TeV even if the weak interaction becomes strongly 
coupled. 



1.1.5 Results of Higgs Searches 

The experimental lower bound on the Higgs mass is currently determined by 
data from LEP-II, the electron-positron collider at CERN which reached maximum CM 
energies of 209 GeV. Higgs searches focused on the "Higgsstrahlung" channel, e~^e~ — > 
ZH. No definite discovery of the Higgs was made by time LEP was decommissioned, 
which put a limit on the SM Higgs mass of nih > 114.4 GeV [13]. 

At the time of this writing, Higgs searches are proceeding at the upgraded Teva- 
tron, a pp collider running at Fermilab with energy 1.96 TeV. Based on non-observation 
of the Higgs boson by winter 2009, the combined results from both detectors (CDF and 
DO) were sufficient to exclude a SM Higgs in the mass range 160 GeV < mh < 170 GeV 
[115]. The dominant channel for Higgs production at this energy scale is gluon fusion 
{gg ^ h ^ W+W~, with final state luliy, I = e",//"), although Wh WWW (Hig- 
gsstrahlung) is also being searched. The most likely channels to produce a lower energy 
Higgs {nih < 140 GeV) at the Tevatron are Wh li'bb, Zh Ubb, and Zh uubb. 
It is expected that by the end of 2010, the Tevatron will either show evidence of Higgs 



8 



producation (up to 3cj level), or be able to exclude the existence of the Higgs over a 
large energy range (145 GeV < nih < 185 GeV) [109]. 

1.1.6 Future of Higgs Searches 

With an energy of 14 TeV, the Large Hadron Collider at CERN, a proton- 
proton collider, will be powerful enough to produce hundreds of thousands of Higgs 
particles (if they are light) or tens of thousands of Higgs particles (if they are heavy) 
[110]. Most of these will be the result of gluon fusion, gg h, via a top quark loop [10]. 
Higgs particles are also likely to be produced through qq — > qqh processes (called weak 
boson fusion or vector boson fusion). The Higgs would then most likely decay to 66^, rr 
and/or W'^W" , depending on its mass [3]. Below ~ 150 GeV, the branching ratio for 
/i — > 77 is also high enough to be observable. Despite having a smaller branching ratio 
than TT or W~^W~ , this channel is easier to distinguish from background {qq, gg — > 77) 
[61]. 

Should an actual scalar particle be discovered in these searches, the question 
will be asked, "Is this particle the Standard Model Higgs Boson?" Although observation 
of the particle will yield measurements of its mass, electric charge, and color charge, to 
distinguish between different theoretical models, it is important to extract information 
about gauge and Yukawa couplings. What might be discovered that is not predicted by 
the Standard Model is the subject of the next section. 

1.2 Beyond the Standard Model 

Since the Higgs boson has not been discovered in experiments, it is not known 
whether the Higgs mechanism works as predicted by the Standard Model. It may be, 
for example, that breaking electroweak symmetry through one (or more) scalar fields 
is not what happens in nature. However, precision tests of the SM suggest that the 
GWS description of gauge symmetry in the electroweak sector is the correct one at 
low energies, requiring some mechanism of electroweak symmetry breaking to generate 
masses for vector and fermion particles. An example of the experimental evidence 
for postulating that the particles observed so far are part of a spontaneously broken 
gauge theory is the universality of coupling constants in gauge boson interactions. In 
particular, the GWS theory predicts that the coupling constant g is the same for cubic 
and quartic interactions of charged gauge bosons (VF^). Description of the neutral 
gauge boson interactions requires only one additional parameter (g' or sin^^y)- 

Another observable consequence of the GWS gauge symmetry is in the different 
behavior of left- and right-handed fields. The SU(2) gauge group applies charges = 
ib^ to left-handed leptons (and their corresponding right-handed antiparticles) and = 
to right-handed leptons (and left-handed antileptons) . These charges appear in the 
Zl^l~ couplings, which are proportional to — siv? 9wQ, and thus can be measured 

"^Although decay rates to bb would be high, this channel is not useful for Higgs discovery due to high 
background rates. 
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in Z — > decays. For example, the branching ratio of Z ^ qq {q = u,d,c, s,b) 

to Z ^ was calculated from Standard Model fits to be Ri = Thadf^u = 20.744, 
which agrees with the value of 20.767 it 0.025 measured at LEP [117]. This asymmetry 
between left- and right-handed fields also results in a net polarization of the decay 
products in Z — > // (ie, an excess of /l//? over /r/l)- This "polarization asymmetry" 
is parametrized in 

A,n = ^^, (1.28) 

where ai (ctr) is the e~^e~ cross-section for Z production from left-handed (right- 
handed) electrons. The measured value of this asymmetry has been found to he Alr = 
.15138 ± .00216 [1], which is within 2 cj of the Standard Model fit Alr = .1473 ± .0011 
[6]. 

Although these (and other) precision tests of the electroweak sector confirm 
the GWS model of gauge interactions, and in particular the different SU(2) charge as- 
signments for right- and left-handed fermion fields, the electroweak symmetry is not 
necessarily broken through a single scalar doublet, as in the SM. In constructing other 
theories, it is common to build on the Standard Model's particle content, so as to pre- 
serve the success of the SM fits to precision electroweak data.'^ One can extend the 
Standard Model's scalar sector by adding additional singlets, doublets, and/or higher 
multiplets, for example. Although the exact content of the scalar sector is unknown, the 
relation = m^cos^vy must be preserved (up to loop corrections), which arises natu- 
rally from postulating an unbroken global SU(2) symmetry. This "custodial" symmetry 
will be discussed in detail in Chapter 3. 



^There are also "higgless" theories such as models with extra dimensions, which provide a Goldstone 
boson through mechanisms other than interacting scalar fields. 



10 



Chapter 2 



The CP- Violating Two-Higgs Doublet 
Model 

2.1 Motivation 

The Standard Model by itself is not expected to be a complete description of 
nature. As discussed in section 1.1.4, the SM is considered to be a low-energy effective 
theory, which ceases to be valid above some energy scale A. Even at low energies, the 
SM with its single Higgs doublet may not be the correct theory. Extensions of the SM 
have been proposed as solutions to observations such as dark matter and various theo- 
retical problems (grand unification, the "naturalness" problem, the strong CP problem, 
and insufficient CP violation to account for the matter/anti-matter imbalance). The 
most popular of these, super symmetry, produces both coupling constant unification and 
possible dark matter candidates. The scalar sector of supersymmetry (in its simplest im- 
plementation, the Minimal Supersymmetric Standard Model, or MSSM) has two Higgs 
doublets. Independently of supersymmetry, the Two-Higgs Doublet Model (2HDM) is 
an extension of the SM, which is identical to the SM except for the one extra Higgs 
doublet. The 2HDM may be interesting on its own as a potential theory of nature, since 
the extended Higgs Sector allows for CP violation beyond what is produced by the SM. 
It is also useful for gaining insight into the scalar sector of supersymmetry, and other 
models that contain similar scalar content. 

A theory with two Higgs doublets has the potential to produce dangerous 
Higgs-mediated flavor-changing neutral currents (FCNCs) unless the off-diagonal cou- 
plings of the neutral Higgs bosons to quarks are absent (or sufficiently small). It is 
common to apply a discrete symmetry that restricts the Higgs scalar potential so as to 
eliminate these off-diagonal couplings [35, 37, 63, 69, 87]. The general 2HDM discussed 
here will not have any symmetries imposed, and thus the FCNCs will be assumed to 
be suppressed by fine-tuning or heavy scalar masses. The degree to which the Higgs- 
fermion couplings are constrained by measurements of flavor-changing rates will be left 
to future work. 

If evidence of multiple Higgs bosons is discovered experimentally, it will be nec- 
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essary to know how to connect the experimentally observed quantities with the physical 
parameters of the model. Since one would not know in advance what symmetries are 
present that constrain the scalar sector, the definition of the physical parameters of the 
Higgs sector should be defined from the most generic implementation of the 2HDM. In 
a generic 2HDM, an example of an "unphysical" parameter is the common construction 



ta'^/^^Tjv' (2-1) 



where ^1 and $2 ^-re the neutral components of the two Higgs doublets [34]. As defined, 
this parameter is ambiguous in a general 2HDM because it depends on the choice of 
basis for the Higgs fields. The two identical hypercharge-one fields can be redefined by 
a global 2x2 unitary transformation. The goal of this work is to construct physical 
parameters, which must be basis-independent. The physical parameter that replaces 
eq. (2.1) was developed in ref. [34] for the CP-conserving 2HDM. The analog for the 
CP-violating 2HDM will be discussed in Chapter 4.3. 

The goal of this chapter is to derive the scalar, gauge boson and Yukawa 
couplings of the CP-violating 2HDM. (These were presented for the CP-conserving case 
in ref. [34].) A Two-Higgs Doublet Model is CP-violating if there is no basis in which 
the couplings of the scalar Lagrangian are real-valued. Complex-valued Higgs couplings 
can lead to the mixing of the CP-even and CP-odd eigenstates to produce Higgs fields 
that have indefinite CP. To develop this model in the basis-independent formalism, I will 
start by presenting my work with H. Haber in ref. [66]. We begin by reviewing basis- 
independence in section 2.2. In section 2.3, we introduce the Higgs basis (defined to be 
a basis in which one of the two neutral scalar fields has zero vacuum expectation value), 
which possesses some invariant features. We review the construction of the Higgs basis 
and use the basis-independent formalism to highlight the invariant qualities of this basis 
choice. Ultimately, we are interested in the Higgs mass-eigenstates. In the most general 
CP-violating 2HDM, three neutral Higgs states mix to form mass-eigenstates that are 
not eigenstates of CP. In section 2.4, we demonstrate how to define basis-independent 
Higgs mixing parameters that are crucial for deriving an invariant form for the Higgs 
couplings. In section 2.5 and section 2.6 we provide the explicit basis-independent forms 
for the Higgs couplings to bosons (gauge bosons and Higgs boson self-couplings) and 
fermions (quarks and leptons), respectively. 



2.2 The Basis-Independent Formalism 

The fields of the two-Higgs-doublet model (2HDM) consist of two identical 
complex hypercharge-one, SU(2)l doublet scalar fields ^a{x) = (<I>^(x) , <I>[|(x)), where 
a = 1,2 labels the two Higgs doublet fields, and will be referred to as the Higgs "fia- 
vor" index. The Higgs doublet fields can always be redefined by an arbitrary non- 
singular complex transformation $a Bab^b, where the matrix B depends on eight 
real parameters. However, four of these parameters can be used to transform the scalar 
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field kinetic energy terms into canonical form. The most general redefinition of the 
scalar fields [which leaves invariant the form of the canonical kinetic energy terms 
^KE = {DfJ,^)l,{D^^^)a] corresponds to a global U(2) transformation, U^j^^b 
[and $i — > where the 2x2 unitary matrix U satisfies U^-Uac = ^bc- In our 

index conventions, replacing an unbarred index with a barred index is equivalent to 
complex conjugation. We only allow sums over barred-unbarred index pairs, which are 
performed by employing the U(2)-invariant tensor J^j. The basis-independent formal- 
ism consists of writing all equations involving the Higgs sector fields in a U(2)-covariant 
form. Basis-independent quantities can then be identified as U(2)-invariant scalars, 
which are easily identified as products of tensor quantities with all barred-unbarred 
index pairs summed with no Higgs fiavor indices left over. 

We begin with the most general 2HDM scalar potential. An explicit form for 
the scalar potential in a generic basis is given in Appendix A. Following refs. [44] and 
[34], the scalar potential can be written in U(2)-covariant form: 

V = y,54^6 + ^z^i^M^bM^d) , (2.2) 

where the indices a, b, c and d are labels with respect to the two-dimensional Higgs flavor 
space and Z^g^j = Z^j^^. The hermiticity of V yields Y^i = (Ym)* and Z^g^j = (Zbadc)* ■ 
Under a U(2) transformation, the tensors Y^i and Z^i^^ transform covariantly: Y^i — > 
UacYi.gU^^j^ and Z^j^j UaeU^j^UcgUj^^Z^jgj^. Thus, the scalar potential V is a U(2)- 
scalar. The interpretation of these results is simple. Global U(2)-flavor transformations 
of the two Higgs doublet fields do not change the functional form of the scalar potential. 
However, the coefficients of each term of the potential depends on the choice of basis. 
The transformation of these coefficients under a U(2) basis change are precisely the 
transformation laws of Y and Z given above. 

We shall assume that the vacuum of the theory respects the electromagnetic 
U(1)em gauge symmetry. In this case, the non-zero vacuum expectation values of $a 
must be aligned. The standard convention is to make a gauge-SU(2)L transformation (if 
necessary) such that the lower (or second) component of the doublet fields correspond 
to electric charge Q = 0. In this case, the most general U(l)EM-conserving vacuum 
expectation values are: 

where v = 2mw/g = 246 GeV and Va is a vector of unit norm. The overall phase rj is 
arbitrary. By convention, we take < /3 < 7r/2 and < ^ < 27r. Taking the derivative 
of eq. (2.2) with respect to and setting (^a) = Va/V^, we find the covariant form 
for the scalar potential minimum conditions: 

vv*AYal + h'Z^i^^vld,]=0. (2.4) 

^That is, starting from i^KE = a (-Dm-I>i)HI>m'1>i) + b (Dm$2)^(-D^$2) + [c{Df,^iy (D^^i) + h.c], 
where a and b axe real and c is complex, one can always find a (non-unitary) transformation B that 
removes the four real degrees of freedom corresponding to a, b and c and sets a — b = 1 and c = 0. 
Mathematically, such a transformation is an element of the coset space GL(2, C)/U(2). 
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Before proceeding, let us consider the most general global-U(2) transforma- 
tion (see p. 5 of ref. [99]): 



U = e'^ 



e^"' cos 6 
-e*^ sin( 



e 



e sin 6 

e"*"^ cos 9 



) 



(2.5) 



where — vr < 9 , ifj < ir and — 7r/2 < Ci 7 ^ "^72 defines the closed and bounded 
U(2) parameter space. The matrices U with ip = span an SU(2) matrix subgroup 
of U(2). The factor of {e^'''} constitutes a U(l) sub group of U(2). More precisely, 
U(2) = SU(2)xU(l)/Z2. In the scalar sector, this U(l) coincides with global hyper- 
charge U(1)y- However, the former U(l) is distinguished from hypercharge by the fact 
that it has no effect on the other fields of the Standard Model. 

Because the scalar potential is invariant under U(1)y hypercharge transforma- 
tions,^ it follows that Y and Z are invariant under U(l)-flavor transformations. Thus, 
from the standpoint of the Lagrangian, only SU(2)-flavor transformations correspond 
to a change of basis. Nevertheless, the vacuum expectation value v does change by 
an overall phase under flavor-U(l) transformations. Thus, it is convenient to expand 
our definition of the basis to include the phase of v. In this convention, all U(2)-flavor 
transformations correspond to a change of basis. The reason for this choice is that 
it permits us to expand our potential list of basis-independent quantities to include 
quantities that depend on v. Since $a ^al^b it follows that Va — > U^pJ),, and the 
covariance properties of quantities that depend on v are easily discerned. 

The unit vector Va can also be regarded as an eigenvector of unit norm of the 
Hermitian matrix V^^ = VaVj^ ■ The overall phase of Va is not determined in this definition, 
but as noted above different phase choices are related by U(l)-flavor transformations. 
Since V^;; is hermitian, it possesses a second eigenvector of unit norm that is orthogonal 
to Va- We denote this eigenvector by Wa, which satisfies: 



The most general solution to eq. (2.6), up to an overall multiplicative phase factor, is: 



That is, we have chosen a convention in which Wf, = e^^v'^eab, where x = 0. Of course, 
X is not fixed by eq. (2.6); the existence of this phase choice is reflected in the non- 
uniqueness of the Higgs basis, as discussed in section 2.3. 

The inverse relation to eq. (2.7) is easily obtained: v^ = e^g Wf,. Above, we have 
introduced two Levi-Civita tensors with ei2 = —£21 = 1 and en = €22 = 0. However, 
eab and 6^5 are not proper tensors with respect to the full flavor-U(2) group (although 
these are invariant SU(2)-tensors). Consequently, Wa does not transform covariantly 

^The SU(2)lXU(1)y gauge transformations act on the fields of the Standard Model, but do not 
transform the coefficients of the terms appearing in the Lagrangian. 



vlwb = 0. 



(2.6) 




(2.7) 
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with respect to the full flavor-U(2) group. If we write U = e^^U, with detU = 1 (and 
detU = e^^^), it is simple to check that under a U(2) transformation 

Va — > UgpJb implies that Wa — > (det U)~^ ^al^b ■ (2-8) 

Henceforth, we shall define a pseudotensor^ as a tensor that transform co- 
variantly with respect to the flavor-SU(2) subgroup but whose transformation law 
with respect to the full flavor-U(2) group is only covariant modulo an overall non- 
trivial phase equal to some integer power of det U . Thus, Wa is a pseudovector. How- 
ever, we can use Wa to construct proper tensors. For example, the Hermitian matrix 
W^l = WaW^ = — V^i is a proper second-ranked tensor. 

Likewise, a pseudoscalar (henceforth referred to as a pseudo-invariant) is de- 
fined as a quantity that transforms under U(2) by multiplication by some integer power 
of det U. We reiterate that pseudo- invariants cannot be physical observables as the 
latter must be true U(2)-invariants. 



2.3 The Higgs Bases 

Once the scalar potential minimum is determined, which defines Va, one class 
of basis choices is uniquely selected. Suppose we begin in a generic ^i~^2 basis. We 
define new Higgs doublet fields: 

Hi = {Ht , //?) ^ vl^a , H2 = {H+ , Hi) EE wl^, = eun^a . (2.9) 

The transformation between the generic basis and the Higgs basis. Ha = U^i^b, is given 
by the following flavor-SU(2) matrix: 

U=(% S ) = f 5 ? V (2-10) 

\ Wl W*2 J \ -V2 Vi J 

This defines a particular Higgs basis. 
Inverting eq. (2.9) yields: 

$a = HiVa + H2Wa = HiVa + H2vleba ■ (2.11) 

The definitions of Hi and H2 imply that 

(i^?) = ^, {Hl) = 0, (2.12) 

where we have used eq. (2.6) and the fact that Va = 1- 

The Higgs basis is not unique. Suppose one begins in a generic ^[-^'2 basis, 
where = V^i^b and det V = e^^ 7^ 1. If we now define: 

H'l^vl^'a, H'2^wlK, (2.13) 



^In tensor calculus, analogous quantities are usually referred to as tensor densities or relative ten- 
sors [1161. 
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then 

H[ = Hi, = (det V)H2 = e'^H2 . (2.14) 

That is, Hi is an invariant field, whereas H2 is pseudo-invariant with respect to arbitrary 
U(2) transformations. In particular, the unitary matrix 




(2.15) 



transforms from the unprimed Higgs basis to the primed Higgs basis. The phase angle 
X parameterizes the class of Higgs bases. From the definition of H2 given in eq. (2.9), 
this phase freedom can be attributed to the choice of an overall phase in the definition 
of w as discussed in section 2.2. This phase freedom will be reflected by the appearance 
of pseudo-invariants in the study of the Higgs basis. However, pseudo-invariants are 
useful in that they can be combined to create true invariants, which are candidates for 
observable quantities. 

It is now a simple matter to insert eq. (2.11) into eq. (2.2) to obtain: 

V = YiHlHi + Y2HlH2 + [Y3HlH2 + h.c.] 

+\Zi{HlHif + \Z2{HlH2f + ZsiHlHi){HlH2) + Z^{h\H2){hIHi) 

+ [\Z^{HlH2f + [ZeiHlHi] + Zj{hIH2)\h\H2 + h.c.} , (2.16) 

where Yi, Y2 and .^1,2,3,4 are U(2)-invariant quantities and Y3 and ^5,6,7 are pseudo- 
invariants. The explicit forms for the Higgs basis coefficients have been given in ref. [34]. 
The invariant coefficients are conveniently expressed in terms of the second-ranked ten- 
sors V^i and W^i introduced in section 2.2: 

Yi = Ti{YV) , Y2 = Tr(yi^) , 

^1 = Zabcd^baVdc-, Z2 = Z ^i^i^WbaWdc ■, 

= Z^j,^V,-aWd^, z^^Z^j,^;iV,,Wdn, (2.17) 

whereas the pseudo-invariant coefficients are given by: 

^3 = Y^l vim, Z5 = Z^l^^vl WbV*cWd, 

Z% = Z^i^vl Vb vl Wd, Z7 = Z^i^vl Wb wl Wd . (2.18) 

The invariant coefficients are manifestly real, whereas the pseudo-invariant coefficients 
are potentially complex. 

Using eq. (2.8), it follows that under a flavor-U(2) transformation specified by 
the matrix U , the pseudo-invariants transform as: 

[^3,^6,^7] ^ (detC/)^^[y3,^6,^7] and Z^ ^ {detU)-^ Z^ . (2.19) 
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One can also deduce eq. (2.19) from eq. (2.16) by noting that V and Hi are invariant 
whereas H2 is pseudo-invariant field that is transforms as: 

H2 (det U)H2 . (2.20) 

In the class of Higgs bases defined by eq. (2.14), v = (1, 0) and w = (0, 1), which 
are independent of the angle x that distinguishes among different Higgs bases. That is, 
under the phase transformation specified by eq. (2.15), both v and w are unchanged. 
Inserting these values of v and w into eqs. (2.17) and (2.18) yields the coefficients of the 
Higgs basis scalar potential. For example, the coefficient of h\H2 is given by Y12 = 
in the unprimed Higgs basis and 1^/2 — ™ the primed Higgs basis. Using eq. (2.19), 
it follows that Yj'g = ^126"*-''', which is consistent with the matrix transformation law 
Y' = UdYUI. 

Prom the four complex pseudo-invariant coefficients, one can form four in- 
dependent real invariants II3I, \Z^^qj\ and three invariant relative phases arg{Y^Z^), 
arg(Y3Zg) and aTg{Y3Zj). Including the six invariants of eq. (2.17), we have therefore 
identified thirteen independent invariant real degrees of freedom prior to imposing the 
scalar potential minimum conditions. Eq. (2.4) then imposes three additional conditions 
on the set of thirteen invariants^ 

Yi = -^Ziv^ , Ys = -^Zqv^ . (2.21) 

This leaves eleven independent real degrees of freedom (one of which is the vacuum 
expectation value v = 246 GeV) that specify the 2HDM parameter space. 

The doublet of scalar fields in the Higgs basis can be parameterized as follows: 

f \ I 

1^ ^(. + c,? + zG°) J' - 1^ ^ (^0 + zaO) 

and the corresponding hermitian conjugated fields are likewise defined. We identify 
as a charged Goldstone boson pair and as the CP-odd neutral Goldstone boson. ^ 
In particular, the identification of G'^ = y^Imi?]^ follows from the fact that we have 
defined the Higgs basis [see eqs. (2.9) and (2.12)] such that {H^) is real and non-negative. 
Of the remaining fields, is a CP-even neutral scalar field, (^2 ^^"i ^^^^ states of 
indefinite CP quantum numbers,^ and is the physical charged Higgs boson pair. If 
the Higgs sector is CP-violating, then ip^^ tp^, and aP all mix to produce three physical 
neutral Higgs mass-eigenstates of indefinite CP quantum numbers. 

^The second condition of eq. (2.21) is a complex equation that can be rewritten in terms of invariants: 
IY3I = il^ek' and Y3ZI = -il^el't''. 

^The definite CP property of the neutral Goldstone boson persists even if the Higgs Lagrangian is 
CP-violating (either explicitly or spontaneously), as shown in Chapter 3. 

®The CP-properties of the neutral scalar fields (in the Higgs basis) can be determined by studying the 
pattern of gauge boson/scalar boson couplings and the scalar self-couplings in the interaction Lagrangian 
(see section 2.5). If the scalar potential is CP-conserving, then two orthogonal linear combinations of tpi 
and aP can be found that are eigenstates of CP. By an appropriate rephasing of H2 (which corresponds 
to some particular choice among the possible Higgs bases) such that all the coefficients of the scalar 
potential in the Higgs basis are real, one can then identify ifii as a CP-even scalar field and aP as a 
CP-odd scalar field. See Chapter 3 for further details. 
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2.4 The Physical Higgs Mass-Eigenstates 



To determine the Higgs mass-eigenstates, one must examine the terms of the 
scalar potential that are quadratic in the scalar fields (after minimizing the scalar po- 
tential and defining shifted scalar fields with zero vacuum expectation values). This 
procedure is carried out in Appendix B starting from a generic basis. However, there is 
an advantage in performing the computation in the Higgs basis since the corresponding 
scalar potential coefficients are invariant or pseudo-invariant quantities [eqs. (2.16)- 
(2.18)]. This will allow us to identify U(2)-invariants in the Higgs mass diagonalization 
procedure. 

Thus, we proceed by inserting eq. (2.11) into eq. (2.2) and examining the 
terms linear and quadratic in the scalar fields. The requirement that the coefficient 
of the linear term vanishes corresponds to the scalar potential minimum conditions 
[eq. (2.21)]. These conditions are then used in the evaluation of the coefficients of the 
terms quadratic in the fields. One can easily check that no quadratic terms involving the 
Goldstone boson fields survive (as expected, since the Goldstone bosons are massless). 
This confirms our identification of the Goldstone fields in eq. (2.22). The charged Higgs 
boson mass is also easily determined: 

ml± =Y2 + ^Zsv"^ . (2.23) 

The three remaining neutral fields mix, and the resulting neutral Higgs squared-mass 
matrix in the ip^~ip2~a^ basis is: 

/ Zi Re(Z6) -Im(Z6) \ 

M=v^ ReiZe) \ + Z4 + Re(Z5)] + Y^jv' -\\^{Z^) 

V-Im(Z6) -^MZs) i [Z3 + Z4 - Re(Z5)] + Fz/fV 

(2.24) 

Note that M. depends implicitly on the choice of Higgs basis [eq. (2.14)] via the x- 
dependence of the pseudo- invariants Z5 and Zg. Moreover, the real and imaginary 
parts of these pseudo-invariants mix if x is changed. Thus, does not possess simple 
transformation properties under arbitrary flavor-U(2) transformations. Nevertheless, we 
demonstrate below that the eigenvalues and normalized eigenvectors are U(2)-invariant. 
First, we compute the characteristic equation: 

det(X - xl) = -x^ + Tt{M) -\ [{TiMf - Ty{M^)\ x + dei{M) , (2.25) 

where / is the 3x3 identity matrix. [The coefficient of x in eq. (2.25) is particular to 
3x3 matrices (see Fact 4.9.3 of ref. [17]).] Explicitly, 

Ti{M) = 2Y2 + (Zi + Z3 + Z4)v\ 

Ti{M^) = Zy + ^v^ [{Zs + Z4)2 + |Z5|2 + 4|Z6|2] + 2Y2[Y2 + (Z3 + Z^)v^] , 
det{M) = \{Ziv\Z-i + Z^f -\Z^\^]-2v\2Y2 + {Z^ + Z^)v^]\Zf,\'' 

+4Y2Ziv^[Y2 + (Z3 + Z^)v^] + 2v^Re{Z^Zi)} . (2.26) 
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Clearly, all the coefficients of the characteristic polynomial are U(2)-invariant. Since the 
roots of this polynomial are the squared-masses of the physical Higgs bosons, it follows 
that the physical Higgs masses are basis-independent as required. Since is a real 
symmetric matrix, the eigenvalues of A4 are real. However, if any of these eigenvalues 
are negative, then the extremal solution of eq. (2.4) with v ^ is not a minimum of 
the scalar potential. The requirements that nijj^ > [eq. (2.23)] and the positivity of 
the squared-mass eigenvalues of M. provide basis-independent conditions for the desired 
spontaneous symmetry breaking pattern specified by eq. (2.3). 

The real symmetric squared-mass matrix M can be diagonalized by an orthog- 
onal transformation 



RMR^ = Md = diag {m\ , m| , m|) , 



(2.27) 



where RR^ = / and the m\ are the eigenvalues of M. [i.e., the roots of eq. (2.25)]. 
A convenient form for R is: 



R — -Rl2^13^23 








-S23 
C23 



/ C13C12 -C23S12 - C12S13S23 -C12C23S13 + S12S23 

■S12-S13S23 — C9SS19S1S - I ' (2-28) 



C13S12 C12C23 
V Sl3 C13S23 



-C23S12S13 - C12S23 
C13C23 



where Cij = cos Oij and Sij = sin 6ij . Note that det R = 1, although we could have 
chosen an orthogonal matrix with determinant equal to —1 by choosing —R in place 
of R. In addition, if we take the range of the angles to be — vr < 612, 023 < tt and 
1^13! ^ "^f^i then we cover the complete parameter space of S0(3) matrices (see p. 11 
of ref. [99]). That is, we work in a convention where C13 > 0. However, this parameter 
space includes points that simply correspond to the redefinition of two of the Higgs 
mass-eigenstate fields by their negatives. Thus, we may reduce the parameter space 
further and define all Higgs mixing angles modulo vr. We shall verify this assertion at 
the end of this section. 

The neutral Higgs mass-eigenstates are denoted by hi, h2 and /13: 



(2.29) 



It is often convenient to choose a convention for the mass ordering of the such that 
nil ^ n^2 ^ 1^3 ■ 

Since the mass-eigenstates /i^ do not depend on the initial basis choice, they 
must be U(2)-invariant fields. In order to present a formal proof of this assertion, we 
need to determine the transformation properties of the elements of R under an arbitrary 
U(2) transformation. In principle, these can be determined from eq. (2.27), using the 



hi \ 






h2 






h3 J 
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fact that the m| are invariant quantities. However, the form of Ai is not especially 
convenient for this purpose as noted below eq. (2.24). This can be ameliorated by 
introducing the unitary matrix: 



W 



1 







-i/V2 





1/V2 



and rewriting eq. (2.27) as 

{RW){W^MW){RWy =Md = diag (m? , ml , ml) 
A straightforward calculation yields: 

Zi -h^Zf\ 



(2.30) 



(2.31) 



W^MW 



1 

73^6 

1 '7* 
2^5 



(2.32) 



\{Z:i + Zi)+Y2/v^ I 



RW 



( 




72^12 6 


71^12 e- 


-id2-i 


\ 




q2i 


— n* p*^23 

v^^22e 


73^22e- 


-i623 




\ 




V2^32e 


73^32 6- 


-iS23 


J 



(2.33) 



where 



511 
gi2 



C13C12 , 

-S12 - iCi2Si3 



g2i = C13S12 , 

922 = C12 - «Sl2Sl3 : 



Q3I = Sl3 , 

'Z32 = ici3 . (2.34) 



The matrix RW defined in eq. (2.33) is unitary and satisfies det RW = i. 
Evaluating this determinant yields: 



while unitarity implies: 



h ^ ejfc^gjilm(gfc29f2) = 1 , 
j,k,i=i 



Re {qkiq*ei + qk2ql2) = ^ki ■ 
3 3 



<lk2 



I'^fcii' = i«fc2i' = 1, z 

k=l k=l k=l 

These results can be used to prove the identity [106]: 

3 

k,e=i 



(2.35) 
(2.36) 

3 

Z 1kiqk2 = . (2.37) 
k=l 

(2.38) 
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Since the matrix elements of W'^ MW only involve invariants and pseudo- 
invariants, we may use eq. (2.31) to determine the flavor-U(2) transformation properties 
of qki and e*^^^ . The resulting transformation laws are: 

qki^qu, and e'^^^ ^ {deiU)-^e'^^\ (2.39) 

under a U(2) transformation U . That is, the q^^ are invariants, or equivalently 9i2 and 
013 (modulo tt) are U(2)-invariant angles, whereas e*^^^ is a pseudo-invariant. Eq. (2.39) 
is critical for the rest of the paper. Finally, to show that the Higgs mass-eigenstates are 
invariant fields, we rewrite eq. (2.29) as 

V2ReHl-v \ 

Hi . (2.40) 

Since the qke, Hi and the product e*^^^iJ2 are U(2)-invariant quantities, it follows that 
the hk are invariant fields. 

The transformation laws given in eqs. (2.19) and (2.39) imply that the quan- 
tities Zse"^*^^^, Zg e~*^2^ and Zye"*^^^ are U(2)-invariant. These combinations will 
appear in the physical Higgs boson self-couplings of section 2.5 and in the expressions 
for the invariant mixing angles given in Appendix C. With this in mind, it is useful to 
rewrite the neutral Higgs mass diagonalization equation [eq. (2.27)] as follows. With 
R = R12R13R23 given by eq. (2.28), 

_ Zi Re(Z6e"*^23) -Im(Z6 e-^^^^) 

M = R23MR^3 =v'^ I Re(Z6e-*^23) ^^^Z^ g-^^^^s) + ^2/^2 _iini(Z5 6-2^^23) 









= RW 1 







Im(Z6e-*^23) -|lm(Z5e-2*^23) ^2/,,2 



V 



(2.41) 



where is defined by 

A'^ = Y2 + i[Z3 + Z4 - Re(Z5e-2^^23)]^2 ^ ^2.42) 
The diagonal neutral Higgs squared-mass matrix is then given by the following: 

RMR^ = Md = diag(m? , , m|) , (2.43) 
where the diagonalizing matrix R = R12R13 depends only on 612 and ^13: 

(C12C13 -S12 -C12S13 \ 
C13S12 C12 -S12S13 . (2.44) 
Sl3 Ci3 / 

Eqs. (2.41)-(2.44) provide a manifestly U(2)-invariant squared-mass matrix diagonal- 
ization, since the elements of R and A4 are invariant quantities. 
Eq. (2.40) can be conviently written as 

1 



H\Uki + HlUk2e-'''-'+H\qli + Hlql^e''^-^ , (2.45) 
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where = — vVa/V^- The q^i, defined for k = 1,2,3 and £ = 1,2 by eq. (2.34), 
are displayed in Table 2.1. To account for the Goldstone boson {k = 4) we have also 
introduced: q4i = i and (742 = Note that the Qke are invariant, and Hi and ff2^*^^^ 
are invariant fields. 

In this section, all computations were carried out by first transforming to 
the Higgs basis. The advantage of this procedure is that one can readily identify the 
relevant invariant and pseudo-invariant quantities involved in the determination of the 
Higgs mass-eigenstates. We may now combine eqs. (2.9) and (2.45) to obtain explicit 
expressions for the Higgs mass-eigenstate fields /i^ in terms of the scalar fields in the 
generic basis $a- Since these expressions do not depend on the Higgs basis, one could 
have obtained the results for the Higgs mass-eigenstates directly without reference to 
Higgs basis quantities. In Appendix B, we present a derivation starting from the generic 
basis, which produces the following expressions for the Higgs mass-eigenstates (and the 
Goldstone boson) in terms of the generic basis fields: 



1 

^72 



1023 ^ 



(2.46) 



for k 
$0 _ 



- 1,...,4, where = G*^. The shifted neutral fields are defined by 

'a/\/2. 



Table 2.1: The U(2)-invariant quantities qke are functions of the the neutral Higgs 
mixing angles Ou and ^13, where Cij 



cos 



9ij and 



smf 



k 


Qki 


qk2 


1 


C12C13 


-S12 - iCi2Si3 


2 


S12C13 


C12 - iSi2Si3 


3 






4 


i 






Since the qke are U(2)-invariant and Wa^"^^^"^ is a proper vector under U(2) transfor- 
mations, it follows that eq. (2.46) provides a U(2)-invariant expression for the Higgs 
mass-eigenstates. It is now a simple matter to invert eq. (2.46) to obtain 



/ 



+ ^ [qklVa + qk2e *^2^fi5a ) hk 

\ V2 V2 V 



G+da + H+Wa 
4 



(2.47) 



where = G^. The form of the charged upper component of is a consequence of 
eq. (2.11). The U(2)-covariant expression for in terms of the Higgs mass-eigenstate 
scalar fields given by eq. (2.47) is one of the central results of this paper. In sections 2.5 
and 2.6, we shall employ this result for $0 in the computation of the Higgs couplings of 
the 2HDM. 

Finally, we return to the question of the domains of the angles Oij . We assume 
that Zq = |Z6|e*^6 / (the special case of Zg = is treated at the end of Appendix C). 
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Since e '^^^ is a pseudo-invariant, we prefer to deal with the invariant angle cf): 

</) = ^6-^23, where ^e^argZg. (2.48) 

As shown in Appendix C, the invariant angles ^12, ^13 and cj) are determined modulo vr 
in terms of invariant combinations of the scalar potential parameters. This domain is 
smaller than the one defined by — vr < 612, O23 < vr and \9is\ < vr/2, which covers the 
parameter space of S0(3) matrices. Since the U(2)-invariant mass-eigenstate fields 
are real, one can always choose to redefine any one of the /i^ by its negative. Redefining 
two of the three Higgs fields hi , /12 and /13 by their negatives is equivalent to multiplying 
two of the rows of i? by —1. In particular, 

(9i2 ^ 6*12 ± vr =^ hi^ -hi and /12 ^ -/12 , (2.49) 

(/) ^ ± vr , 6*13 ^ -6*13 , 612 ±TT - 612 =^ hi -hi and h-^ -/13 , (2.50) 

6*13 ^ 6*13 ± vr , 6*12 -O12 =^ hi -hi and h-^ -hs , (2.51) 

(p^ (p±7r , 013^ -6*13 , 6112 -O12 /i2 ^ -h2 and h-s -/13 , (2.52) 

^13 ^ ^13 ± 7r , 012 ^ ibvr - 6*12 =^ h2 -h2 and hs -/13 . (2.53) 

This means that if we adopt a convention in which C12, C13 and sinc^ are non- negative, 
with the angles defined modulo vr, then the sign of the Higgs mass-eigenstate fields will 
be fixed. 

Given a choice of the overall sign conventions of the neutral Higgs fields, the 
number of solutions for the invariant angles 612, ^13 and (j) modulo vr are in one-to-one 
correspondence with the possible mass orderings of the (except at certain singular 
points of the parameter space®). For example, note that 



712 



012 ± vr/2 =^hi^ and /12 ±hi . (2.54) 



That is, two solutions for 612 exist modulo vr. If mi < m2, then eq. (C.25) implies 
that the solutions for 612 and (f) are correlated such that S12 cos > 0, and (for fixed 
(f)) only one 612 solution modulo vr survives. The corresponding eff'ects on the invariant 
angles that result from swapping other pairs of neutral Higgs fields are highly non-linear 
and cannot be simply exhibited in closed form. Nevertheless, we can use the results of 
Appendix C to conclude that for mi^2 < n^3 (in a convention where sine/) > 0), eq. (C.23) 
yields S13 < 0, and for mi < m2 < m^, eq. (C.21) implies that sin 2^55 cos > 0, where 
056 = -iarg(Z5*Z|). 

The sign of the neutral Goldstone field is conventional, but is not affected by 
the choice of Higgs mixing angles. Finally, we note that the charged fields and 



^In order to have an odd number of Higgs mass-eigenstates redefined by their negatives, one would 
have to employ an orthogonal Higgs mixing matrix with det R — —1. 

®At singular points of the parameter space corresponding to two (or three) mass-degenerate neutral 
Higgs bosons, some (or all) of the invariant Higgs mixing angles are indeterminate. An indeterminate 
invariant angle also arises in the case of Ze = and C13 = as explained at the end of Appendix C. 
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are complex. Eq. (2.47) implies that is an invariant field and is a pseudo- 
invariant field that transforms as: 



(det ^7) 



(2.55) 



with respect to U(2) transformations. That is, once the Higgs Lagrangian is written in 
terms the Higgs mass-eigenstates and the Goldstone bosons, one is still free to rephase 
the charged fields. By convention, we shall fix this phase according to eq. (2.47). 



2.5 Higgs Couplings to Bosons 

We begin by computing the Higgs self-couplings in terms of U(2)-invariant 
quantities. First, we use eq. (2.47) to obtain: 



^v'^Vba + Vhk 



Vba Re qki + ^[ VhW^qk2e 



+\hjhk [l4aRe(g*igfci) + W^baRe(g*2%2) 
+G+G~Vb-a + H+H~Wba + G-H+vlwb + G+H~w*gVb ., 



(2.56) 



where repeated indices are summed over and j,k = 1, . . . , 4. We then insert eq. (2.56) 
into eq. (2.2), and expand out the resulting expression. We shall write: 



V = Vo + V2 + Vs + V4 , 



(2.57) 



where the subscript indicates the overall degree of the fields that appears in the polyno- 
mial expression. Vo is a constant of no significance and Vi = by the scalar potential 
minimum condition. V2 is obtained in Appendix C. In this section, we focus on the 
cubic Higgs self-couplings that reside in V3 and the quartic Higgs self-couplings that 
reside in V4. 

Using eqs. (2.17) and (2.18), one can express V3 and V4 in terms of the invari- 
ants {Yi, Y2 and .Z'1^2,3,4) and pseudo-invariants {Y3, Z^^j). In the resulting expressions, 
we have eliminated Yi and 13 by the scalar potential minimum conditions [eq. (2.21)]. 
The cubic Higgs couplings are governed by the following terms of the scalar potential: 



Ivhjhkhe 



+v hkG+G- 



+v hkH+H- 



qjiqliRe{qii)Zi + qj2ql2 Re(g£i)(Z3 + Z4) + Re (5*1 ^£2 ^5 e" 



+Re ([2qj, + q^^^q.^Z^ e-''-'^ ) + Re ((7*29^2 to ^7 e"'"^^) 
Re((?fci)Zi + Re(gfc2 e'^^^a^^ 



Re(gfei)Z3 + Re(%.2 e'^^^^Zy) 



+\vhk\G^H+e 



qhZi + qk2 e~^'^''''Z^ + 2Re((?fci)Z6 e 



h.c. \ , (2.58) 



24 



where there is an imphcit sum over the repeated indices^ j, k, £ = 1,2,3,4. Since the 
neutral Goldstone boson field is denoted by /14 = G", we can extract the cubic couplings 
of by using 541 = i and 542 = 0. The only cubic Higgs-G*^ couplings that survive 
are: 



d d 1- 



k=l 1=1 
3 



iZi + Re{qi2ZQe 



-1023^ 



(2.59) 



where we have used the fact that qji is real for j = 1, 2, 3. 

At the end of the section 2.4, we noted that is a pseudo-invariant field. 
However e^^^^H^ is a U(2)-invariant field [see eqs. (2.39) and (2.55)], and it is precisely 
this combination that shows up in eq. (2.58). Moreover, as shown in section 2.4, the 
Qki and the quantities Z^e~'^^^^^, e"*^^-'^ and Zye"*^^^ are also invariant with respect 
to flavor-U(2) transformations. Thus, we conclude that eq. (2.58) is U(2)-invariant as 
required. 

The quartic Higgs couplings are governed by the following terms of the scalar 
potential: 



V4 = \hjhkhihm qjiqkiqeiQmiZi + qj2qk2qhqm2Z2 

+2qjiql^qi2q*m2{Z3 + ^4) + 2Re((7*ig^ite9m2^5 e'^^^^^) 
+4Re{qjiql,q},qm2Ze e'^'^^) + 4Re(g*iQfc2toC2^7 e'^^^^*) 



+^hjhi,G+G- 



qjiqliZi + qj2q*k2Zz + 2Re(gjigfc2^6 e" 



+q32ql2Z7e-''^-^ 



qj2ql2Z2 + qjiqliZs + 2Re(gjigfc2^7 e '^2=*) 

qjiqhZi + 9*19^2^5 + qjiq^ZQ e~''^^ 

+ h.c.j + ^ZiG+G'G^G- + \Z2H+H-H+H- 

+(Z3 + Zi)G+G-H+H- + \Z^H+H+G-G- + \ZlH-H-G+G+ 
+G^G-{ZqH+G-+ ZlH'G+) + H+H-{ZjH+G~+ Z*jH-G+), (2.60) 



Note that the sum over repeated indices can be rewritten by appropriately symmetrizing the rel- 
evant coefficients. For example, '^jf.^gjkt hjhthi = X^j<j,<^ hjhkhi [gjke + perm], where "perm" is an 
instruction to add additional terms (as needed) such that the indices j, k and £ appear in all possible 
distinct permutations. 
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where there is an imphcit sum over the repeated indices j, k, i, m = 1, 2, 3, 4. One can 
check the U(2)-invariance of V4 by noting that Z^H^ , ZqH^ and ZjH^ are U(2)- 
invariant combinations.^'^ It is again straightforward to isolate the quartic couphngs of 
the neutral Goldstone boson {h^ = G^): 

V4G = + \lm{qrn2Z^e-''^'') G^G^G^m 



+jG^G^hihm 



qaq-miZi + ^9^2(^3 + Z^) - Re(to9m2^5e 



+2qiiRe{qm2ZQe 



+ \G^hkhih„ 



qkiRe{qe2qm2Z5e 



-2j6»23 ^ 



+qkiqeiRe{qm2Zee-"^^^) + Re{qk2qi2q*m2Z7e-''^'^] 
-Im((?^2^6 e~''''^)G+G-G^hm - Im(g^2^7 e"'^^^) H+H^G^r 



UG'^hml G~H+e''^--^ \q*^^Z^ - qm2Z,e-^''^-^ 



+ h.c. 



+iZiG°G°G+G^ + ^ZsG^G^H+H- 
+\ZqG^G^G-H+ + \ZIG^G^G+H-, 



(2.61) 



where the repeated indices k, i, m = 1, 2, 3 are summed over. 

The Feynman rules are obtained by multiplying the relevant terms of the scalar 
potential by —iS, where the symmetry factor 5 = Hi^*' ^'^^ the interaction term 
that possesses identical particles of type i. Explicit forms for the q^t in terms of 
the invariant mixing angles 9i2 and ^13 are displayed in Table 2.1. For example, the 
Feynman rule for the cubic self-coupling of the lightest neutral Higgs boson is given by 
ig{hihihi) where 



g{hihihi 



-St; 



^lCl2Cl3 + {Zz + ^4)ci2Cl3|si23| + C12C13 Re(Si23-^5 e" 



- 216*23 ^ 



3ci2Ci3 Re(si23^6 e 



-16*23 ^ 



|si23|'Re(si23^7e-'''^^) 



(2.62) 



where S123 = S12 + ici2Siz- Similarly, the Feynman rule for the quartic self-coupling of 
the lightest neutral Higgs boson is given by ig{hihihihi) where 



g{hihihihi) 



ZlC^cts + ^2|S123|'' + 2(.^3 + ^4)c?2Ci3|si23|^ 

+244 Re(s?23^5 e-^^'^') - 4c?2C?3 Re(si23^6 e"''^^: 



-4ci2Ci3|si23|'Re(si23^7e-*^^^) 



(2.63) 



^°It is instructive to write, e.g., Z(.H+ = {Ze e~''^^'^){H+ e'*^^^), etc. to exhibit the well-known U(2)- 
invariant combinations. 
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We turn next to the coupling of the Higgs bosons to the gauge bosons. These 
arise from the Higgs boson kinetic energy terms when the partial derivatives are re- 
placed by the gauge covariant derivatives: =SfKE = D^^(^\D^(^a- In the 811(2)^x11(1) 
electroweak gauge theory, 



( 



V 



\/2 



(2.64) 



where svk = sin^vF and cw = cosOw- Inserting eq. (2.64) into ^ke yields the Higgs 
boson-gauge boson interactions in the generic basis. Finally, we use eq. (2.47) to obtain 
the interaction Lagrangian of the gauge bosons with the physical Higgs boson mass- 
eigenstates. The resulting interaction terms are: 



VVH 



+emwA''{W;lG- + W~G+) - gmzs^^Z^iW^ + W~G^ 



(2.65) 



VVHH 



+ 



^ (i - sl^) A,Z^ 



3_ (I „2 ^2 

2 V2 



yz^z^ 



{G+G- + H+H-) 



(QkiG- +qk2e~''''H~)hk+h.c.} , 



(2.66) 



and 



Im(9ii9fci + Qj2ql2)Z''hjdf, h 



+ h.c. 



+ 



,e^/^ + ^(i_,2 ) 
cw 



(2.67) 



where the repeated indices j,k = 1,...,4 are summed over. The neutral Goldstone 
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boson interaction terms can be ascertained by taking = G": 



VG 



0/-vO 



L zcv(/ J 

+^Re{qkl)Z^'G% hk + \g (w^^G-^d^ G° + W;G+"^^^ G°) .(2.68) 

Once again, we can verify by inspection that the Higgs boson-vector boson 
interactions are U(2)-invariant. Moreover, one can derive numerous relations among 
these coupUngs using the properties of the qti- In particular, eqs. (2.36)-(2.38) imply 
the following relations among the Higgs boson-vector boson couplings [56, 55, 106]: 

3 

g{ZZh,) = mzY, e^.fc, g{Zhkhi) , (j = 1, 2, 3) , (2.69) 

V [g{VVhu)f = ^ , V = W^orZ, (2.70) 

^ [g{Zh,hk)? = ^ , (2.71) 

l<j<fc<3 

3 2 2 

g{ZZh,)g{ZZhk) + 4m| ^ g{Zh,h,)g{Zhuh,) = 6jk , (2.72) 

i=i 

where the Feynman rules for the VVhk and Zhjhk vertices are given by ig^'^ g{VVhk) 
and {pk — pj)^ g{Zhjhk), respectively, and the four-momenta , pk of the neutral Higgs 
bosons hj, point into the vertex. Note that eq. (2.72) holds for j,k = 1,2,3,4. 



2.6 Higgs Couplings to Fermions 

The most general Yukawa couplings of Higgs bosons to fermions yield neutral 
Higgs-mediated flavor-changing neutral currents at tree-level [50, 45, 100]. Typically, 
these couplings are in conflict with the experimental bounds on FCNC processes. Thus, 
most model builders impose restrictions on the structure of the Higgs fermion cou- 
plings to avoid the potential for phenomenological disaster. However, even in the case 

^^The Feynman rule for the ZZhk vertex includes a factor of two relative to the coefficient of the 
corresponding term in iJ^vvH due to the identical Z bosons. The Feynman rule for the Zhjhk vertex 
is given by i(5r/ci4/)Im[gji(jr^]^ + qj2qt2\{Pk — Pj)'^ ■ Here, the factor of two relative to the corresponding 
term in eq. (2.67) arises from the implicit double sum over j and k in the Lagrangian. Note that the 
rule for the Zhjhk vertex does not depend on the ordering of j and k. 
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of the most general Higgs-fermion couplings, parameter regimes exist where FCNC ef- 
fects are sufficiently under control. In the absence of new physics beyond the 2HDM, 
such parameter regimes are unnatural (but can be arranged with fine-tuning). In mod- 
els such as the minimal supersymmetric extension of the Standard Model (MSSM), 
super symmetry-breaking effects generate all possible Higgs-fermion Yukawa couplings 
allowed by electroweak gauge invariance. Nevertheless, the FCNC effects are one-loop 
suppressed and hence phenomenologically acceptable. 

In this section, we will study the basis-independent description of the Higgs- 
fermion interaction. In a generic basis, the so-called type-Ill model [11, 29, 34] of Higgs 
fermion interactions is governed by the following interaction Lagrangian: 

-^Y = Ql$ir/f'° + g° ^.{r^^^y D% + Ql^2V^'' f/^ + QlMv?'y D% + h.c. , 

(2.73) 

where ^1^2 are the Higgs doublets and <I>j = icj2<I>*. As in section 1.1.3, Q^, C/^, 
denote the interaction basis quark fields, which are vectors in the quark flavor space, 
and rjf'^ and 77^'" {Q = U , D) are four 3x3 matrices in quark flavor space. We have 
omitted the leptonic couplings in eq. (2.73); these are obtained from eq. (2.73) with 
the obvious substitutions — > and E^. (In the absence of right-handed 

neutrinos, there is no analog of U^.) 

The derivation of the couplings of the physical Higgs bosons with the quark 
mass-eigenstates was given in ref. [34] in the case of a CP-conserving Higgs sector. 
Here, we generalize that discussion to the more general case of a CP-violating Higgs 
sector. The flrst step is to identify the quark mass-eigenstates. This is accomplished 
by setting the scalar flelds to their vacuum expectation values and performing unitary 
transformations of the left and right-handed up and down quark multiplets such that 
the resulting quark mass matrices are diagonal with non-negative entries. In more 
detail, we deflne left-handed and right-handed quark mass-eigenstate flelds according 
to eq. (1.19), with the CKM matrix K = V^V^^ as before. In addition, we introduce 
"rotated" Yukawa coupling matrices: 

We then rewrite eq. (2.73) in terms of the quark mass-eigenstate flelds and the trans- 
formed couplings: 

-Jfy = UL^-ar]^UR + DLK^l-arfiUR + ULK^all^^DR + DL^ari^^DR + h.c. , (2.75) 

where rja = {rj^ , ??^) is a (basis-dependent) vector in U(2) space. If we assume that 
there is no basis in which can write either = r]2 = (Type I) or 7]i = r]2 = (Type 
II), then this "Type III" 2HDM Yukawa Lagrangian. One could also write it in a more 
compact form: 

-^Y = Ql^-aVaUR + QZ$a% ^ Dr + h.C. , (2.76) 

where U = K^U, and Ql = (")^. 
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Under a U(2)-transformation of the scalar fields, r]a — > U^iri^ and rj^^ ^ 
ry^^f/^-. Hence, the Higgs-quark Lagrangian is U(2)-invariant. We can construct basis- 
independent couplings following the strategy of section 2.3 by transforming to the Higgs 
basis. Using eq. (2.11), we can rewrite eq. (2.75) in terms of Higgs basis scalar fields: 



.<3 



-^Y = QUHik'' + H2p'')Kb. + QUHiK^^ + H2p''^)Dr + h.c 



where 



"a la 



(2.77) 



(2.78) 



Inverting eq. (2.78) yields: 

= ^fiva + p'^Wa . (2.79) 

Under a U(2) transformation, is invariant, whereas p'^ is a pseudo-invariant that 
transforms as: 

^ (det U)p'^ . (2.80) 

By construction, and are proportional to the (real non-negative) diagonal quark 
mass matrices Mfj and Md, respectively. In particular, the Mq are obtained by inserting 
eq. (2.12) into eq. (2.77). As in the SM (see eqs. (1.23) and (1.24)), we find: 



Md 



T2 



diag(m„ , rric , mt) = M^y^"^ , 
diag(mrf , , m;,) = V['M%vj^'^ 



(2.81) 
(2.82) 



where = {v/V2)vir]a'° and = {v/V2)var]^'^. That is, we have chosen the 
unitary matrices V^, Vj^ , and such that Md and Mu are diagonal matrices 
with real non-negative entries. In contrast, the p^ are independent complex 3x3 
matrices. 

In order to obtain the interactions of the physical Higgs bosons with the quark 
mass-eigenstates, we do not require the intermediate step involving the Higgs basis. 
Instead, we insert eq. (2.47) into eq. (2.75) and obtain: 



1^ 



= -D{ MnigkiPR + qIiPl) + ^ qk2 [e''^-'p'']^PR + qh e'"-'' p"" Pl 



J823 „D 1 



^/2 



l^f 



+ ^U^MuiqkiPL + qliPR) + ^ [ql2 e'''' p"" Pr + qk2 K^'p^'VPl 



J923 JJl'i , 



Dhk 



Uhk 



+ 17 



DH+ 



kIp^^YPr-Ip^Ykpl 

+ —U [KMdPr - MuKPl] DG+ + h.c. ) , 



(2.83) 



^^This can be accomplished by the singular-value decompositions of the complex matrices My and 
M% [73]. 
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where k = 1, ... 4. Since e'^^^/o*^ and [p'^]^ are U(2)-invariant, it follows that 
eq. (2.83) is a basis-independent representation of the Higgs-quark interactions. 

The neutral Goldstone boson interactions {h^ = G^) are easily isolated: 

-^YG = ^ [DMD-f^D - UMu-f^U] G° . (2.84) 

In addition, since the q^i are real for k = 1,2,3, it follows that the piece of the 
neutral Higgs-quark couplings proportional to the quark mass matrix is of the form 
y-'^Q MqqkiQhk. 

The couplings of the neutral Higgs bosons to quark pairs are generically CP- 
violating as a result of the complexity of the qk2 and the fact that the matrices e^^^'^p'^ 
are not generally purely real orpurely imaginary. (Invariant conditions for the CP- 
invariance of these couplings are given in Chapter 3.1). Eq. (2.83) also exhibits Higgs- 
mediated FCNCs at tree-level due to the p'^ not being flavor-diagonal. Thus, for a 
phenomenologically acceptable theory, the off-diagonal elements of p^ must be small. 
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Chapter 3 



Special Limits: CP Conservation, The 
2HDM with = 0, and Custodial 
Symmetry 

In the limit of g' — > 0, the bosonic sector of the Standard Model has a global 
SU{2)l X SU (2)/j symmetry. After electroweak symmetry breaking, this symmetry 
reduces to SU{2)l+r = SU{2)v, known as the "custodial symmetry." Violations of 
custodial symmetry lead to corrections to the relation = m^cos^Ow ■ This custodial 
limit is a more restrictive case of CP conservation. In the 3-generation model, we know 
that CP violation must exist in the CKM matrix, so a 2IIDM with no CP violation is 
unrealistic. Thus, for the purposes of this chapter, when we refer to the "CP conserving" 
model, we mean that the bosonic sector and the neutral Higgs-Quark couplings conserve 
CP. 

The CP-conserving limit of the basis-independent 2IIDM has been analyzed in 
[34] and [66]^. In this chapter, we build on the results of previous work and define two 
cases of CP conservation that are distinguishable based on the parameter Zge"*^^^. In 
section 3.1.1, we derive basis-independent expressions for the masses and mixing angles 
of the Higgs particles in the CP-conserving limit. In section 3.1.2, we make contact with 
the existing literature by working in the real basis and relating the Higgs fields to the 
parameters c^_q, and sp^a- 

We then analyze the scenario in which Zq = 0. We will start by deriving the 
mass matrix and invariant expressions for the mixing angles in section 3.2, and then 
discuss the effects of CP violation or conservation in the scalar couplings. We end with 
a discussion of the special case Zg = Z7 = in section 3.2.3. 

In section 3.3, we apply these results to analyse the custodial limit of the 
2HDM. The use of the basis-independent formalism allows us to clarify aspects of cus- 
todial symmetry which have been made unnecessarily complicated in the literature. 
We derive unambiguous conditions for custodial symmetry in the scalar sector and the 

^By CP conservation, we mean that the neutral scalars are CP eigenstates. The complex phase in 
the CKM matrix induces CP violation in the charged Higgs interactions. 
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Higgs-Quark sector and discuss the resulting implications for the scalar masses. 

3.1 The CP-Conserving 2HDM 

3.1.1 Basis-Independent Analysis of the CP-Conserving Limit 

In the CP-conserving limit, we impose CP-invariance on all bosonic couplings 
of the Higgs bosons and the fermionic couplings of the neutral Higgs bosons. (We will 
ignore, for now, the CP violation in charged Higgs-quark interactions that arises from the 
complexity of the CKM matrix.) The requirement of a CP-conserving bosonic sector 
is equivalent to the requirement that the scalar potential is explicitly CP-conserving 
and that the Higgs vacuum is CP-invariant (i.e., there is no spontaneous CP-violation). 
Basis-independent conditions for a CP-conserving bosonic sector have been given in 
refs. [20, 34, 60, 88]. In ref. [34], these conditions were recast into the following form. 
The bosonic sector is CP-conserving if and only if:^ 

lm[ZeZ^] = lm[Z*^Zl] = MZ^Ze + Zjf] = . (3.1) 

Eq. (3.1) is equivalent to the requirement that 

sin 2(6^5 - 6^6) = sin 2(615 - O7) = sm{eQ - 6^7) = , (3.2) 

where 6*5 and 6q are defined in eq. (C.7) and 6j = arg Z7 (note that 65 is defined modulo 
TT and 6q and 9j are defined modulo 2tt). 

One can explore the consequences of CP-invariance by studying the pattern 
of Higgs couplings and the structure of the neutral Higgs boson squared-mass matrix 
[eq. (2.24)]. The tree- level couplings of are CP-conserving, even in the general CP- 
violating 2HDM. In particular, the couplings G°G°G°, G°G+G^, G^H+H' and ZZG^ 
are absent. Moreover, eq. (2.84) implies that G^ possesses purely pseudoscalar couplings 
to the fermions. Hence, G^ is a CP-odd scalar, independently of the structure of the 
scalar potential. We can therefore use the couplings of G^ to the neutral Higgs bosons as 
a probe of the CP-quantum numbers of these states. The analysis of the neutral Higgs 
boson squared-mass matrix (which does not depend on Zj) simplifies significantly when 
IuiIZ^Zq] = 0. One can then choose a basis where Z5 and Zq are simultaneously real, in 
which case the scalar squared-mass matrix decomposes into diagonal block form. The 
upper 2x2 block can be diagonalized analytically and yields the mass-eigenstates 
and (with rrif^o < rrifjo). The lower 1x1 block yields the mass-eigenstate ^0. If 
all the conditions of eqs. (3.1) and (3.28) are satisfied, then the neutral Higgs boson 
mass-eigenstates are also states of definite CP quantum number. We shall demonstrate 
below that and are CP-even scalars and is a CP-odd scalar. 

Since Zq ^ hy assumption, eq. (C.24) yields sine/; cos = 0, and eq. (C.21) 
implies that either some of the neutral Higgs boson masses are degenerate or S13S12C12 = 
0.^ In the case of degenerate masses, some of the invariant angles are not well defined, 

^Since the scalar potential minimum conditions imply that = —jZ^v^, no separate condition 
involving Is is required. 

■^Since Za 7^ 0, one can use eqs. (C.9) and (C.IO) to show that C13 7^ 0. 
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since any linear combination of the degenerate states is also a mass-eigenstate. Hence, 
the degenerate case must be treated separately. In what follows, we shall assume that 
all three neutral Higgs boson masses are non-degenerate. Note that if sm(p = 0, then 
eq. (C.23) yields S13 = 0, whereas if cos(p = 0, then eq. (C.25) yields sin 2^12 = 0.^ 
Thus, we shall consider separately the two cases: 

CP Case I : sine/. = =^ lui{Z^e~'^'^^^) = lui{ZQe-'^^^) = , (3.3) 
CP Case II : cos = ^ Im(Z5e"2^^23 ) ^ Re(Z6e-^^2^ ) = , (3.4) 

where (f) = arg(Zee~*^2^) is an invariant quantity. The first case corresponds to the mass 
ordering m^o > mj^o; the second case to the reverse. By comparing equations (3.3) and 
(3.4) with the mass matrix in eq. (2.41), one identifies the CP-odd field as the following: 

^0 ^ f Im(e^^23i^0) [CP Case I], 
\ Re(e*^23ij0) [CP Case II]. 

This is equivalent to the statement that the fields in the Higgs basis transform as follows: 
( e^^'^k ) ^ ( e-^^'i^* ) [Case I] , 



Alternatively, one can define a CP-transformation on fields in the generic basis using 
the following [66]: 

H2 J \ -V2 Vl J \ <l>2 

Substituting eq. (3.7) into eq. (3.6) yields 



(3.7) 



or 



V*i V^ \ f <i>l \ f Vl V2 \ ( '^l 



<^i\ ( Vl -w^e-^^23 \(vi V2 \( $1 

$2 y ^ V ^2 ^il'e-*^^^ ) \ =F^^e-*^23 ±yie-^^2z ) \ 
± t}^2g-2»e23 viV2^vlvle-'^''^^^ \ ( ^\ 
viV2^vlvle-^^'^^-^ v^±vfe-^^^^^ ) \ <^*2 



(3.8) 



(3.9) 



Hence, the "covariant" form of eq. (3.6) is 

<^aix,t) ^ (VaVb ± e-^'^''-'WaWb)m-X,t), (3.10) 



^The same constraints are obtained by imposing the requirement of CP-conserving Higgs couplings. 
In particular, the existence of a G^/ifc/ifc couphng would imply that hh is a state of mixed CP-even and 
CP-odd components. All such couplings must therefore be absent in the CP-conserving limit. Using 
the results of eqs. (2.59) and (3.2) one can easily check that at least one of these CP-violating couplings 
is present unless S13 = sin (fi — or cos (j> = sin 2&12 — 0. 
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with the positive (negative) solution corresponding to CP Case I (II). 

As a consistency check, we note that a CP-transformation of the Higgs doublets 
in the generic basis takes the following form (in the notation of [60]): 

CV ^a{x,t) CV~^ = (C/^^),b$|(-x,t). (3.11) 

Invar iance of the vacuum under CP requires [44]: 

< >= {U^'')ab < ^5 >* . (3.12) 

Eq. (3.10) indeed satisfies eq. (3.12), with 

iU^^)ab = VaVb ± e-^'^^-'QaWb. (3.13) 

When the scalar potential is CP-conserving, there always exists a basis in 
which the Y and Z parameters and the scalar vacuum expectation values are all real- 
valued. In a generic basis, the quantities Y3, Z^, Zq and Zj are complex. For the CP- 
transformation given in eq. (3.10), requiring CV V CV^^ = V reproduces the relations in 
eq. (3.1). If all three physical neutral fields couple to CP-even states, eg, H~^H~hk / 
and W^W~h}^ ^ \/ k, then the scalar sector violates CP. Otherwise, the field for 
which all such couplings vanish is CP-odd, and the remaining two fields are CP-even. 
In our basis-independent notation, the quantity q^i will be non-zero for the CP-even 
states and zero for the CP-odd state. 

Assuming that the masses are non-degenerate^ and that Zq is non-zero, we 

find that 

If /13 is CP odd , si3 = Im(Z6e-*^2^) =sin</. = [CP Case I], (3.14) 
If /i2 is CP odd , si2 = Re{ZQ e''^^') = cos = [CP Case Ila], (3.15) 
If hi is CP odd , C12 = Re(Z6 e''^^') = cos = [CP Case lib]. (3.16) 

The values of the qke corresponding to cases I, Ila and lib are given in Tables 3.1 — 3.3. 

Table 3.1: The U(2)-invariant quantities q^i in the CP-conserving limit. Case I: S13 = 
Im(Z6 e^*^2^) = sincf) = 0. and /13 are CP-odd; hi and /i2 are CP-even. 



k 


Qki 


qk2 


1 


C12 


-Sl2 


2 


S12 


C12 


3 





i 


4 


i 






^One can investigate separately cases of degenerate masses, in which case not all of the mixing angles 
are well-defined, which we will not do here for the general case of 7^ 0. We analyze the degenerate 
cases for Zq — in section 3.2.2. 
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Table 3.2: The U(2)-invariant quantities qu in the CP-conserving limit. Case Ila: 
si2 = Re(Z6e~*^23) = coscj) = 0. and /i2 are CP-odd; hi and /13 are CP-even. 



k 


Qki 


Qfc2 


1 


Cl3 


-isi3 


2 





1 


3 


■513 




4 








Table 3.3: The U(2)-invariant quantities qke in the CP-conserving limit. Case lib: 
C12 = Re(Z6 e"*^^'') = cos4> = 0. G*^ and hi are CP-odd; /12 and h^ are CP-even. 



A; 




qk2 


1 





1 


2 


-Cl3 


«S13 


3 


Sl3 


«Cl3 


4 








In both Case I and Case II, Ai assumes a block diagonal form consisting of 
a 2 X 2 block (corresponding to the the CP-even Higgs bosons) and a 1 x 1 block 
(corresponding to the CP-odd Higgs boson). The CP-odd field has mass 



2 



1„,2 



Y2/v^ + Zi + i(Z3 + Z4 - Re(Z5 e 
Y2/v^ + Zi + i(Z3 + Z4 + Re(Z5 e" 



-2i6»23 



[Case I] , 

[Case II] . (3.17) 



It is possible to eliminate the explicit dependence on ^23 by defining a quantity £56 as 
follows: 



Note that in the CP-conserving limit, 



£56 = ±1 . 



Re[Z5*Z|] = Re(Z5e 



-2^023^ 



Re[(Z6e-*^23)2j ^ ±Re(Z5e- 



-21023) 



IZfi 



(3.18) 



(3.19) 



where the upper (lower) sign corresponds to case I (II). Then can write Re(Z5 e ^*^23^ 
±£56 1^5 1, and the masses of the neutral Higgs fields become 



m 



y [Y2/v^ + Zi + 1(^3 + Z4 + £56 1 ^5 1) 

T V [Y2/V^ - Zi + i(Z3 + Z4 + £561^51)] ' + 4|Z6|2 
1 



Y2 + UZ3 + Z4 - e56\Z5\y 



(3.20) 



where is defined by the relation £56 is an invariant quantity, its value must be determined 
from experiment. 
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Additional constraints for a CP-conserving 2HDM arise when the Higgs-fermion 
couphngs are included. Let us write the transformation of the fields under CP as 
hk — > Vkhk, where r]k = ±1. The Higgs-Quark Lagrangian [eq. (2.83)] contains the term 

-^ql2 W^^p^PLDhk + h.c. (3.21) 
v2 

(and a similar term with U in place of D). If CP is conserved, the quark mass-eigenstates 
Di and C/j transform under CP with some phase, 

A ^ e''^^ D* , Ui ^ e''^^ U* . (3.22) 

However, one can rephase Di and Ui such that Di D* and Ui — > U* under a CP 
transformation. Let us assume that we have done such a rephasing, defined by Di — > 
Tjf'Di (and similarly for C/j), with \'r]f \ = 1. This rephasing also transforms the Yukawa 
matrices, with the result pfj — > 'r]i'nj*Pij- Reinstituting the flavor indices, the CP 
transformation on eq. (3.21) (having suitably rephased the quark fields) gives 

qlM^''^'p%jPLD,hk ^ r,kql2D,[e''^--'p%,PRD,hk , (3.23) 

where has been appropriately rephased, as described above. Comparing this to the 
hermitian conjugate of eq. (3.21), 

qk2Di[e'''' P%PRDjhk , (3.24) 

we obtain a condition for CP invariance of the neutral Higgs bosons, and with the 
analogous result for p^ . Both conditions can be summarized as 

VkqUe''''p%j = [e''''p%qk2. (3.25) 

The values of qk2 and % can be obtained from Tables 3.1 — 3.3. One finds that 
eq. (3.25) is equivalent to the following: 

e^^-p«is (3.26) 
I imaginary in Cases Ila and lib . 

In both Cases I and II, the results of eqs. (3.3), (3.4) and (3.26) imply that 
lm{Zep^) = Im(Z6e-*^23gie23^Q) 

= Re(Z6e-*^23)Im(e^^23pQ)) _ iui{ZQe-'^^')Re{e'^^' p^)) 

= 0. (3.27) 

One can prove similar conditions involving Z7 and Z^, so that the complete set of 
conditions for CP-invariance of the couplings of the neutral Higgs bosons to fermion 
pairs is the following: 

Im[Z6p^] = lm[Z7p^] = lm[Z5{p'^f] = . (3.28) 
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Thus, if eqs. (3.1) and (3.28) are satisfied, then the neutral Higgs bosons are eigenstates 
of CP, and the only possible source of CP-violation in the 2HDM is the unremovable 
phase in the CKM matrix K that enters via the charged current interactions mediated 
by either or exchange^ [see eq. (2.83)]. 

Invariant techniques for describing the constraints on the Higgs-fermion inter- 
action due to CP-invariance have also been considered in refs. [20] and [44]. In these 
works, the authors construct invariant expressions that are both U(2)-invariant and in- 
variant with respect to the redefinition of the quark fields. For example, the invariants 
denoted by and in ref. [20] are given by Ja = Im and Ji, = Im where 

jQ ^ Tr(yyr«) , rj ^ Tv,{r^^'%^''^) = TYf(7?«r?«t) , (3.29) 

and the trace Trj sums over the diagonal quark generation indices. Note that the trace 
over generation indices ensures that the resulting expression is invariant with respect to 
unitary redefinitions of the quark fields [eq. (1.19)]. Using eq. (B.5) [with A = Y], it is 
straightforward to re-express eq. (3.29) as: 

= yiT¥f[(At«)2] + ygTVf [a^«p«] , (3.30) 

after using eqs. (2.17), (2.18) and (2.78). Indeed, J*^ is invariant with respect to U(2) 
transformations since the product of pseudo-invariants I3 /o'^ is a U(2)-invariant quan- 
tity. Moreover, taking the trace over the quark generation indices ensures that J'^ is 
invariant with respect to unitary redefinitions of the quark fields. In ref. [20], a proof is 
given that Im = is one of the invariant conditions for CP-invariance of the Higgs- 
fermion interactions. In our formalism, this result is easily verified. Using the scalar 
potential minimum conditions [eq. (2.21)], we obtain: 

ImjQ = --^Im[Z6TVf(MQp«)], 

= --^TrfIm[MQZ6p«]. (3.31) 

But, CP-invariance requires [by eq. (3.28)] that Zqp'^ is real. Since Mq is a real diagonal 
matrix, it then immediately follows that Im = 0. 



3.1.2 The CP-Conserving Limit in the Real Basis 

For completeness, we will now analyse the CP-conserving 2HDM in a spe- 
cific basis, in order to express the masses and physical Higgs states in terms of more 

®One can also formulate a basis-independent condition (that is invariant with respect to separate 
redefinitions of the Higgs doublet fields and the quark fields) for the absence of CP-violation in the 
charged current interactions. This condition involves the Jarlskog invariant [79, 80], and can also be 
written as [f6, 44]: Trj [H^'''\ iif^'"] ^ = (summed over three quark generations), where ff*^'" = 
MQ,o ]^Q,ot ^]^g m'-^'" are defined below eq. (1.24). Since CP-violating phenomena in the charged 
current interactions are observed and well described by the CKM matrix, we shall not impose this latter 
condition here. 
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traditional parameters. In the standard notation of the CP-conserving 2HDM, one con- 
siders only real basis choices, in which the Higgs Lagrangian parameters and the scalar 
vacuum expectation values are real. We can therefore restrict basis changes to 0(2) 
transformations [34].^ In this context, pseudo-invariants are S0(2)-invariant quantities 
that change sign under an 0(2) transformation with determinant equal to —1. Note 
that Z5 is now an invariant with respect to 0(2) transformations, but Zg, Z-j and e~*^^^ 
are pseudo-invariants. In particular, for 7^ in the convention where < < vr, 

= ^i<i>^-^e. = I ^6 [Case I] , 
I iee [Case II] , 

where = eg I ^6 1 in the real basis. That is, eg is a pseudo-invariant quantity (in 
contrast, the sign of is invariant) with respect to 0(2) transformations. Note that 
in the real basis, 

£56 = e2^^5e-2ie6 ^ sgn(Z5)e2 = sgn(Z5) , (3.33) 
so that eq. (3.20) can be written in terms of the real-basis parameters: 

m^o = + {Z3 + - Z5) . (3.34) 

The generic real basis fields can be expressed in terms of the two neutral 
CP-even scalar mass-eigenstates h^, (with nif^o < rrifjo) and the CP-odd scalar 
mass-eigenstate A^, as follows [57, 58, 61]: 

= 1= [vvi - h%a + H'^ca + iiG'^cp - A%p)] , (3.35) 
V 2 

= ^ [vd2 + /i°c« + H%o. + i{G^sp + A°c/3)] , (3.36) 
v2 

with 171^0 < mjjo, where Va = {cp , S/3), Sa = sin a, Cq, = cos a, and a is the CP-even 
neutral Higgs boson mixing angle. These equations can be written more compactly as 

$0 = [{v + h'^s/s^a + H'^cfs.a + iG'')va + {h'^Cfs.^ - H^sp.^ + iA^)wa] , (3.37) 

where S/3-a = sin(/3 — a) and C/3_a = cos(/3 — a). 

Using the results of Tables 3.1 — 3.3 and comparing eq. (3.37) to eq. (2.47) 
[with e~*^2^ determined from eq. (3.32)], one can identify the neutral Higgs fields hk 
with the eigenstates of definite CP quantum numbers, h^, and A^, and relate the 



''if Ze = — p'^ — 0, then the possible transformations among real bases are elements of 0(2)xZ2. 
In particular, the sign of Z5 changes when when the Higgs basis field H2 iH2- In this case, Z^ is an 
0(2)-invariant but it is a pseudo-invariant with respect to Z2. 
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angular factor f3 — a with the appropriate invariant angle:^ 

Case I : /ii = /i° , /i2 = -SeH^ , ^3 = £6^° , C12 = S/j-q- and su = -EQCp^a , 

Case Ila : hi = , h2 = EqA^ , /13 = EqH^ , C13 = Sj^^a and S13 = egC/j-a > 

Case lib : hi = EqA^ , /12 = — /i'' , /is = EqH^ , C13 = S/3-a and S13 = egC/g-Q • (3.38) 

In the convention for the angular domain given by eq. (C.8), C12 and C13 are non- 
negative and therefore > 0. The appearance of the pseudo-invariant quantity eg 
in eq. (3.38) implies that H^, (and H^) are pseudo-invariant fields, and c^_q, is a 
pseudo-invariant with respect to 0(2) transformations.^ In contrast, h^ is an invariant 
field. 

At this stage, we have not imposed any mass ordering of the three neutral 
scalar states. Since one can distinguish between the CP-odd and the CP-even neutral 
scalars, it is sufficient to require that m/jO < tuho . (If one does not care about the mass 
ordering of A^ relative to the CP-even states, then Cases Ila and lib can be discarded 
without loss of generality.) We can compute the masses of the CP-even scalars and the 
angle P — a [59] in any of the three cases: 

^hO = rn^oC^^-a+v"^ [Zis}_a + Z5cl_^ + 2si3_aC(S-aZG\ , (3.39) 

mjjo = m\o 4-a + [^lc|-Q + ^SS^-a ~ 2si3-aCf3-aZfi] , (3.40) 

and 

tan[2(/3 - a)] = '^f , sin[2(/3 - a)] = f^f^, . (3.41) 

Note that eqs. (3.39)-(3.41) are covariant with respect to 0(2) transformations, since 
Zq and cp-a are both pseudo-invariant quantities. 

We end this section with a very brief outline of the tree-level MSSM Higgs 
sector. Since this model is CP-conserving, it is conventional to choose the phase con- 
ventions of the Higgs fields that yield a real basis. In the natural supersymmetric basis, 
the Aj of eq. (A.l) are given by: 

Xi = X2 = \i9^ + g'^), A3 = i(5'-5"), X4 = -y\ A5 = A6 = A7 = 0, (3.42) 

where g and g' are the usual electroweak couplings [with = ^{g'^ + g''^)v'^]. From 
these results, one can compute the (pseudo) invariants: 

Zi = Z2 = lig^ + g'^)cos^2(], Z3 = Z^ + l{g^ - g'^) , Z^ = Z^-\g\ 

^5 = i(ff2 + ff'2)sin2 2/3, Z6 = -Z7 = -i(<7'+5")sm2/?cos2/3. (3.43) 

The standard MSSM tree level Higgs sector formulae [57, 58] for the Higgs masses and 
13 — a are easily reproduced using eq. (3.43) and the results of this section. 



®The extra minus signs in the identification of /i2 = SeH" in Case I and /12 = —h^ in Case lib arise 
due to the fact that the standard conventions of the CP-conserving 2HDM correspond to det i? = — 1 
(whereas deti? = +1 in Case Ila). 

®Note that S/s-a is invariant with respect to 0(2) transformations, which is consistent with our 
convention that sp-a > 0. The analogous results have been obtained in ref. [34] in a convention where 

Cp-a > 0. 
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3.2 The 2HDM with Zq = 

In this section we discuss the case where Zq = 0. For now, we will assume 
that all three neutral Higgs squared-masses are non-degenerate. Therefore, we require 
that Z5 = jZsle^*^^ 7^ in what follows,^'' and define the invariant angle (/>5 = ^5 — ^23- 
Once the sign conventions of the neutral Higgs fields are fixed, the invariant angles 9i2, 
013 and (/)5 are defined modulo vr. We first note that eqs. (C.2), (C.3) and (C.ll) are 
valid when Zq = 0. Thus, setting eq. (C.3) to zero implies that sin 2^13 = 0,^^ which 
yields two possible solutions, S13 = or C13 = 0. In the former case, eq. (C.2) yields 
Im(Z5e~2*^23) = 0, i.e., sin205 = 0, and eq. (C.ll) implies that sin2(9i2 = 0. In the 
latter case, we can use eq. (C.ll) to write 

tan(26'i2) = -tan(2(^5). (3.44) 

Thus, we can define three cases: 

si3 = 0, Im(Z5 e-2*^23) = ci2 = Case (i) , 

si3 = 0, Im(Z5 e-2*^23) = = Case (ii) , (3.45) 

ci3 = 0, Im[Z5 e2*(^i2-e23)] = g Case (m) . 

Let us start with (i). For Zq = 0, the mass matrix Ai has the form [eq. (2.41)] 

_ Zi -iIm(Z5e-2^^23^ 

M = R23MR^3 = \ Re(Z5e-2^^23) + ^2/^2 q |^ (3 45) 



-ilm(Z5e-2^^23) ^2/^2 



Applying the mass mixing matrix R^A and setting S13 = C12 = in produces the 
diagonalized masses for case (i): 

ml = + Re(Z5 e'^^^^^ ) = Y2 + ^[Z-s + Z^ + Re(Z5 e'^^^^^ )] v"^ , 

2 '7 2 

m2 = Ziv , 

mi = A^ = Y2 + ^ [Z3 + Z4 - Re(Z5 e'^^^^^ )] v'^ , (3.47) 

where we have used the convention C13 = +1 and S12 = —1 as required by eq. (C.8), and 
eliminated using eq. (2.42). Note that since Im(Z5 e"2*^23) = q, Re(Z5 e"2*^23) = 
sgn(Z5)|Z5p. The ambiguity in sign will be clarified in section 3.2.1. 

For case (ii), one uses instead S13 = S12 = 0, with C12 = C13 = +1. Then 
taking RMR^ yields 

2 ry 2 

mi = Ziv , 

ml = Re(Z5 6^2^623 ) = + ^ [^3 + ^4 + Re(Z5 6-^*^23 )] ^2 ^ 

ml = A^ = Y2 + \ [Z3 + Z4 - Re(Z5 6-2^^23 )] „2 ^ ^g ^g^ 



^'^If Zy:, — Ze = 0, then the neutral Higgs squared-mass matrix is diagonal in the Higgs basis, with 
two degenerate Higgs boson mass-eigenstates for 7^ Ziv'^ . If — Ziv^ there are three degenerate 
Higgs boson mass-eigenstates. 

^^If Zfi = and — Ziv'^ , then Eq. (C7) is automatically equal to zero. We will see in section 3.2.2 
that the neutral Higgs masses are degenerate in this scenario. 
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The final (non-degenerate) scenario for Zg = is case (iii), in wliich qi2 = 
ie*^i2, ^22?; = e*^^^, q4i = i, q^i = —1, and all other q^e vanish. Diagonalizing the mass 
matrix in eq. (3.46) yields 

ml = Ziv"^ . (3.49) 

Using Im(Z5 e^*^^^^"^^'')) = and Re[zi,Z2] = ReziRez2 — Imzilmz25 the masses take 
the form 

ml = Y2 + i[Z3 + Z4 - Re(Z5 e^^^^^^'^^a))] ^2 ^ 
ml = Y2 + i[Z3 + Z4 + Re(Z5 e^^^^^^-^^a))] ^2 ^ 
ml = Ziv"^ . (3.50) 

Since Im(Z5 e^'^^^^'^^^^)] = 0, Re(Z5 e2^(^i2-^23))] = sgn(Z5)|Z5|2. Thus, up to a reorder- 
ing of the three fields, all three cases exhibit the same masses, 

ml = y2 + ^[^3 + ^4-sgn(Z5)|Z5|] v2, 
ml = y2 + ^[^3 + ^4 + sgn(Z5)|Z5|] v2, 

ml = Zxv^ . (3.51) 

3.2.1 CP Conservation with = 

Since the mass matrix for Zg = is broken up into 2x2 and 1x1 blocks 
[see eq. (3.46)], one might expect that the scalar sector is automatically CP-conserving. 
Indeed, the field whose mass is given by Z\v^ in the three cases is CP even, as 

one can deduce from the couplings G^G^hk. However, the coupling H^H~hk contains 
the expression Re(gfc2-^7 e"*^^^) and the QQhk interactions [eq. (2.83)] contain q^2^^^^^P'^ 
{Q = U,D). Thus, for CP to be conserved, one requires 

Im(Z|Z|) = 0, Im[Z5(p<3)2] = q, and Im[Z7p^] = 0. (3.52) 

One observes from eqs. (3.47), (3.48) and (3.50) that in case (iii), the angle 6*23 — ^12 
plays the same role as ^23 in cases (i) and (ii). Thus, it is convenient to define 



723 = 



923 cases ; 

?23 — ^12 case (iii) . 



(3.53) 



Since Im(Z5 e 2*^23^ — q jggg gq_ (3.45)] and lm[Z-jp^] = 0, one can write 

Im[Z5*Z|] = Re(Z5e-2^^"23)Im(Z|e-2^^'2^) 

= Re(Z5 e-2^^"23)2Im(Z7 e-'~^^^)Re{Zj e''^^^) = , (3.54) 
Im[Z7e-*^'23e*^"23^Q] = Re{Z7 e-'^^-')lm{p'^ e'^^^) 

+ Im(Z7 e"^^'23 )Re(/)'3 e'^^^ ) = . (3.55) 
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Eqs. (3.54) and (3.55) have two solutions, 



(a) Im(Z7e-*^23) ^ lm[p^ e''^-"''] = 0, (3.56) 
(6) Re(Z7e-*^'23) = Reip^e^^'^^] = 0. (3.57) 

Note that eq. (3.10) correctly defines the CP transformation for Zq = provided that one 
replace 623 by 623- The transformation with the positive sign in eq. (3.10) corresponds 
to solution (a) [eq. (3.56)] and the one with the negative sign to solution (6) [eq. (3.57)]. 

If neither eq. (3.56) nor eq. (3.57) holds, then CP is violated, and the remaining 
two neutral scalar fields will have indefinite CP quantum numbers. If the conditions of 
eq. (3.52) hold, all neutral scalars will be CP eigenstates, with CP quantum numbers 
displayed in Tables 3.4-3.5. Comparing the results of the tables with eqs. (3.47), (3.48) 
and (3.50), one finds that in all three cases, 

m\o = Y2 + l[Z3 + Zi- Re(Z5 e'^^^^a )] ^2 ^ ^^^r^^ ^-m^ ) ^ jj^(^Q ^1623 ) = g , 
m\o = Y2 + l[Z3 + Zi + Re(Z5 e'^^^^s )] ^2 ^ ^^^r^^ ^-W^a ^ ^ j^g^^Q ^1^23 ) ^ g . 

(3.58) 

m|o = Y2 + ^[Z3 + Z^ + Re(Z5 e''^'^^^ )] v'^ , for Im(Z7 e'^^'^^ ) = lm{p^ e'^^^ ) = , 
mjjo = Y2 + ^[Z3 + Z^- Re{Z5 e'^'^^^ )] , for Re(Z7 e''^'^^ ) = Re{p^ e'^"^^ ) = . 

(3.59) 

One can condense these results by defining the symbol £57: 

Re(Z5*Z72) = £571^511^71' , £57 = ±1 • (3-60) 

The quantity £57 is independent of basis. Note that 

Re(Z5*Z|)Re[(Z7*)^e^^^^3] 

Then applying the definition of £57 in eq. (3.60), 

Re(Z7 e-'^^') = £571^5! = -Re(Z5 e'^'^^a) ^ 

Im(Z7 e~'^^^) = £57 1 ^5 1 = +Re(Z5 e'^'^^a) _ (3 02) 

Thus, equations (3.58) can be expressed as a single equation, so the mass of the CP-odd 
field is given by 

m\o =Y2 + ^[Z3 + Z4- £57|^5|] , (3.63) 
and the second CP-even field has mass 



(3.61) 



m 



|o =Y2 + l[Z3 + Zi + £57! ^5 1] ■ (3.64) 
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If = but 7^ 0, one can derive the analog of £57 as follows: From the conditions 
of CP symmetry in eq. (3.52), 

TV/Im[Z5(p'3)2] =0, ^ Im{Z5Tr/[(p'3)2]} = 0. (3.65) 

Any 2x2 matrix A satisfies its characteristic equation, A? — ^Tr^ + det^ = 0. Taking 
the trace of this equation yields the identity Tr(^2) - (TrA)^ + 2det^ = Thus, the 
condition in eq. (3.65) is equivalent to 

Im[Z5(Tr/p^)2 - 2Z5 det(p^)] = , ^ Im{Z5Tr/[(p'?)2]} = . (3.66) 

Note that p^e^^'^'-^ is purely real or imaginary [see eqs. (3.56) and (3.57)], so 

Im[Z5 det(/3^)] = Re(Z5 e-'^'^^^)lm[det{p^ e-'^^'-")] = . (3.67) 

Then eq. (3.66) becomes 

lm.[Z^{TifP^f]={). (3.68) 

Now we can define 

Re[Z5(TV/p«)2] = e5Q|Z5||(Trp«)2|, e^q = ±1 . (3.69) 

Using a similar calculation as in the case with Z7 7^ 0, one finds 

Re(p«e-^^2^) = ^ esQl^sl = -Re(Z5e-2^^2^), 

Im(p« =0 ^ esgl^sl = +Re(Z5 e'^^^^a) . (3.70) 

Thus, for = = 0, one replaces £57 by e^q in eqs. (3.63) and (3.64). 

To summarize, we find that for Zq = there is one neutral Higgs field that is 
always CP-even, with mass squared equal to Ziv"^. Unless Z^Z^, Z-jp^, and ^5(^*^)2 
are all real-valued, the remaining neutral fields are mixtures of CP eigenstates, even 
though the mass matrix has a block diagonal form. In the CP conserving case, the two 
solutions represented by eq. (3.56) and eq. (3.57) correspond to different possibilities for 
the CP quantum numbers of those 2 remaining fields. An overview of the three cases 
and the associated CP quantum numbers for the CP-conserving case are given in Tables 
3.4-3.6. The preceding results are valid for the CP conserving case with Zq = as 

Table 3.4: Values of qki in the CP-conserving limit with Zq = 0. Case (i): S13 = 
C12 = Im(Z5 e~^*^^3) = 0. The CP quantum numbers are shown for Im(Z7e~*^^^) = 
Im(p'^e*^2^) = (upper sign), and Re{Z'i e~^^^'-^) = Re(p'^e*^2^) = (lower sign). 



k 


Qki 


qk2 


CP 


1 





1 


±1 


2 


-1 





+1 


3 





i 




4 


i 





-1 



long either p^ or Zj is non-vanishing. If Zq = Zj = p^ = 0, the model has some extra 
features which will be described in section 3.2.3. 
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Table 3.5: Values of qke in the CP-conserving limit with Zq = 0. Case (ii): S13 = 
S12 = Im(Z5 e~^*^^^) = 0. The CP quantum numbers are shown for lm{Zf e'"^^^^ ) = 
Im(p'3e*^2^) = (upper sign), and Re{Z7 e~'^^^^) = Re{p'^e^^'^^) = (lower sign). 



k 




qk2 


CP 


1 


1 





+1 


2 





1 


±1 


3 





i 


Tl 


4 


i 





-1 



Table 3.6: Values of qk£ in the CP-conserving limit with Zq = 0. Case {in): 
C13 = Im(Z5 e^*(^^2~^2^^). The CP quantum numbers are shown for lm{Zi e~^^'^^) = 
Im(p<3e*^'23) = (upper sign), and ReiZj e'"''^^) = Re{p'^e'^^'i) = (lower sign). 



k 


Qki 


qk2 


CP 


1 







=Fl 


2 







±1 


3 


-1 





+1 


4 


i 





-1 



Im(Z5 e' 


~2ie23 ) 


= Sl3 


= 0, 


Ziv^ 


lm{Z^ e~ 




= C12 


= 0, 


Ziv^ 


Im(Z5 e~ 


-21023^ 


= S12 


= 0, 


Ziv^ 



3.2.2 = with Degenerate Neutral Scalars 

In the previous discussion we assumed that none of the of neutral scalar masses 
were degenerate. If we relax that requirement, three additional ways of satisfying 
eqs. (C.2), (C.3) and (C.ll) appear: 

--Y2 + ^[Z3 + Zi + Re(Z5 6-2^^23 )]y2 ^ Case (iv) , 
= ^2 + J [^3 + ^4 - Re(Z5 )]^2 ^ Case (v) , 

= ^2 + |[Z3 + ^4 - Re(Z5 e-2^^23)]^;2 ^ c^gg _ 

These cases are presented in Tables 3.7-3.9. 

For case (iv), diagonalizing the mass matrix yields 

ml = sl^^ + ci^Zxv^ + v^s\2Rq{Z^ £-2*623) = z^v^ , 

ml = A'^ = Y2 + ^v'^[Zs + Z^-ReiZ5e-^''^^')], (3.71) 
where has been replaced by Ziv'^ — 

Re(Z5e^2ie23)_ xhe analo gous calculation for 

case {v) gives 

m\ = + v^Re{Z^ e-^'^^^ ) =¥2 + \v\Z^ + Z^ + Re{Z^ e-^'^^^ )] , 
^2 = ■sL^^ + ^^c^gZi = Ziv^ , 

ml = Sij^A? v^s\;^Zx = Ziv"^ . (3.72) 
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Similarly, for case {vi) one finds 



ml 



v\Zx + Re(Z5 = + + Z4 + Re(Z5 e 



= Zit;^ (3.73) 

One observes that the degenerate fields have mass squared equal to Ziv^ in all 

Table 3.7: Values of with Zg = 0. Case {iv): S13 = Im(Z5 e'^^^^s) = Zi - A^jv"^ - 
Re(Z5e-2^^23) = 0. 



Table 3.8: Values of q^i with Z, 



Table 3.9: Values of qM with Z( 



A; 




qk2 


1 






C12 




-S\2 


2 










C12 


3 













4 






i 







with Zg 




0. 


Case (f): 


C12 


= Im(Z5 e~ 








1 











1 


2 






-Cl3 






3 










«Cl3 


4 






i 







with Zg 


= 0. 


Case (vi): 


S12 


= Im(Z5 e~ 






gA:2 


1 






Cl3 




-«Si3 


2 











1 


3 










iCl3 


4 














2j6l23 ^ 



Zi 



2i6l2, 



^) = Z^-A^lv' 



0. 



cases. If Im[Z^Z|] = 0, Im[Z5(pQ)2] = 0, and Im[Z7p'3] = 0, the scalar sector 
will be CP-conserving. In case (iu), the interaction Ke{qk2Z7e~''^'^^)hkH~^ H~ indi- 
cates that the non-degenerate field, /13, is CP-odd if Im(Z7e~*^^^) = and CP-even 
if Re(Z7e~*^23) = q. One also deduces that the combination S12/11 + C12/12 is CP-even 
if Im(Z7e-*^23) = and CP-odd if Re(Z7e-*^23) = q. [One obtains analo gous results 
using the QQht interaction.] The orthogonal combination is always CP-even. These 
results are summarized in Table 3.10. A similar analysis for cases {v) and {vi) gives the 
results shown in Tables 3.11 and 3.12, respectively. Using Tables 3.10-3.12 and the 
equations for the masses in eqs. (3.71), (3.72) and (3.73), one can write expressions for 
the mass of the CP-odd field that apply in all three cases, namely 



m 



AO 



y2 + |[Z3 + Z4-e57|^5|] 



(3.74) 
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Table 3.10: The CP quantum numbers of the neutral scalars with Zg = 0. Case (iv): 
Sis = Im(Z5 = Zi- A^jv'^ - Re(Z5 g-^^^^s) = 0. 



CP Eigenstates 


Re(Z7e-*^23) = 


Im(Z7e-*^23) = 






Im(p'3e*^23) = 


c\2h\ + S12/12 


+1 


+1 


-S12/11 +C12/12 


-1 


+1 


hz 


+1 


-1 



Table 3.11: The CP quantum numbers of the neutral scalars with = 0. Case [v): 
C12 = Im(Z5 6-2*^23) = Zi- ^2/^2 = 0. 



CP Eigenstates 


Re(Z7e-*^23) = 


Im(Z7e-*''23) = 




Ke(/5Qe*^23) = 


Im(pOe*^23) = 


hi 


-1 


+1 


Cl3^2 - 513^3 


+1 


+1 


Sl2.hl + C13/13 


+1 


-1 



Table 3.12: The CP quantum numbers of the neutral scalars with Zg = 0. Case [vi): 
si2 = Im(Z5 e-2^^23) = Zi- A^/v"^ = 0. 



CP Eigenstates 


Re(Z7e-*^23) = 


Im(Z7e~*''23) = 




Re(/)Qe*^23) = 


Im(p'3e*^23) = 


Cl3^1 + 513^3 


+1 


+1 




-1 


+1 


-S13/11 + 013/13 


+1 


-1 



and one of the CP-even field has mass 

m]jo = Y2 + \[Zs + Z^ + £57|^5|] ■ (3.75) 

as in eqs. (3.63) and (3.64). The mass of the other CP-even field is always one of the 
degenerate fields can be expressed in all three cases as follows: 

mlo = Zy . (3.76) 

(We have not imposed m^o < f^'jjo)- Note that eqs. (3.74), (3.75) and (3.76) hold for all 
six cases {i)-{yi). The neutral scalar field with mass m^o = Ziv"^ has exact Standard 
Model couplings. As in the previous section, if Zj = 0, £57 can be replaced by e^q. 

3.2.3 Special Case: The CP-Conserving Limit when Zq = and Z7 = 

In this section, we consider a 2HDM with Y3 = Zq = Zy = O}^ For the 
moment, let us also assume that = 0. 

^2 Technically, since the potential minimum conditions require Y3 = —^Zev^, explicitly setting = 
is redundant. 
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This model is automatically CP conserving (since one can choose Z5 to be real 
and positive without loss of generality). Normally, in a CP-invariant 2HDM, starting 
from a real Higgs basis one can get to any possible generic real basis with an 0(2) 
transformation. However, in the model under study here, there exists a particular U(2) 
transformation that is not an 0(2) transformation, which has the effect of changing the 
sign of Z5. This corresponds to redefining the second Higgs field by multiplication by i, 
ie, 

H2 ^ m . (3.77) 

The relevant U(2) matrix is diag{l, i). In Appendix A of [60], the possible definitions of 
time reversal invariance are discussed. In particular, it was argued that the definition of 
T is unique if the possible transformations from the real Higgs basis to any real generic 
basis is 0(2). It was shown that T was not unique if the latter transformation group was 
0(2) (8) D where D is a nontrivial discrete group. Applying this to the model where I3 = 
= Z-j = 0, we identify the relevant group as 0(2)(g)Z2, where Z2 is the discrete group 
consisting of the identity and the transformation that changes the sign of Z5. Thus, we 
conclude that for the Y3 = = Z7 = model, there are two inequivalent definitions 
of T, or equivalently two definitions of CP (since the model is CPT invariant). These 
two symmetries correspond to the two possible transformations defined in eq. (3.10), 
where the plus sign applies to Im(Z6e~*^2^) = lm.{Zje~'^^'^'-^) = lTa.[p^ e^^^^] = and the 
negative sign to Re(Z6e-*^23) = Re(Z7e-*^23) = Re[/jOe*^23] = g. 

In this model, the Higgs/gauge boson interactions are insufficient to identify 
the CP-odd field. We know from the results of the previous section that one of the 
neutral scalars has couplings exactly identical to the Standard Model Higgs, with m^o = 
Ziv^ . We also know that the two remaining neutral fields have opposite CP. However, 
since /o*^ = the interactions cannot distinguish which one is CP-even and which one is 
CP-odd; the two inequivalent CP symmetries are both conserved. 

Now let us suppose p*^ 7^ 0. In section 3.2.1, we showed how to identify the 
CP-odd field based on the value of esg. Thus, a non-zero value of p*^ has the effect of 
picking out the definition of CP that is respected by the Yukawa interactions. In fact, a 
non-zero value of any one of Zg, Zj or p*^ identifies the respected CP symmetry; if any 
two are non-zero, CP violation arises unless the relative phases obey eq. (3.28). 

3.3 The Custodial Limit of the 2HDM 

The subject of custodial symmetry in the 2HDM doublet model has been 
addressed by Pomarol and Vega [108], in the context of two cases which they label 
"case I" and "case II," not to he confused with the two cases of CP-conservation defined 
in equations (3.3) and (3.4), to which they have no correlation. We reproduce some of 
their work here in order to clarify the significance of their two cases. Specifically, we 
show in this section that the only difference between their "case I" and "case II" lies 
in the conditions they impose on the vevs of the scalar fields, which is not a physically 
measurable distinction. 
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First we will ignore the coupling of the Higgs doublets to fermions and just 
consider the scalar potential. To replicate "case I" of [108], we construct two 2x2 
matrices whose columns are made up of the Higgs doublet fields in the generic basis: 



Ml = ($i,$i), M2 = (^>2,$2), 

where ^> = icJ2$*. These matrices transform as 

M, ^ L Mi 



(3.78) 



(3.79) 



under global SU{2)i x SU{2)fi transformations. In order that a custodial SU{2)v sym- 
metry be preserved after electroweak symmetry breaking, < Mj > must be proportional 
to the identity matrix: 



< Mi >-- 



J_( V* 

V2\ V, 



Since L = R, 



oc 1 



<M,>^L< M, > = ^LR^ =< Mi > 

V2 



Vi = Vi, 



Note that 
Tr[M/Mj] 



Tr 



Thus, 



(1)0 

t 1 

$7 $0* 



Tr[M|Mi] 
Tr[M|M2] 
Tr[Af|M2] 



(J)0* (6+ 

3 J 

-<J)T (1)0 

3 J 



2${$i 

2$^$2 

^l^i + /i.e. 



(3.80) 
(3.81) 

(3.82) 



(3.83) 



Using the expressions in eq. (3.83) to construct a SU{2)l x SU{2)r symmetric scalar 
potential, we reproduce the following result of [108]: 

V = im?iTr[MjMi] + im|2Tr[^4^2] - m?2Tr[MjM2] + ^Ai (tv[mIMi 



+\X2 (tV[M2^M2]) V iA3TV[M|Mi]Tr[MjM2] + (tV[m|M2] 



+\ (A6TV[m|Mi] + A7TV[m|M2]) TV[m|M2] 



(3.84) 



Comparing eq. (3.84) to the most general form of the scalar potential in eq. (A.l), we 
find that custodial symmetry imposes the following restrictions on the coefficients of 
the scalar potential: 



12 



"^12 1 ^5,6,7 — ^^5,6, 7 i A — A4 — A5 . 



(3.85) 
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Let us now convert from the generic basis to the Higgs basis. Plugging $a = HiVa + 
H2Vj^iba into eq. (3.83) yields 

Tt[mIMi] = 2 {\vi\'^h\Hi + \v2\^hIH2 - viV2HIh^ - vIv*hIH2) 
TiiMlM2] = 2 (^\d2\'^HlHi + \vi\'^hIH2 + viV2HIHi + vIvIh\h^ 
Ti[mIM2\ = vIviHIHi - viv^hIH2 + (vIhIHi - vf hIH2 + h.c^ . (3.86) 
Subsituting equations (3.86) into eq. (3.84) and grouping like terms yields the following: 
V = YiHlHi + Y2HlH2 + [Y3HlH2 + h.c.] 

+ \Zi{H\Hif + \Z2{HlH2f + Z;{HlHi){HlH2) + Z^{h\H2){hIHi) 
+ [\Z^{H\H2f + [Zq{h\Hi) + Zj{hIH2)\h\H2 + h.c.} , (3.87) 
where 

= m\\vi\'^ + ml\v2? - m\2{^vi+ c.c.) , 
Y2 = m\\v2\'^ + ml\vi\'^ + m\2{v*2Vi+ c.c.) , 
^3 = ml2{vf - vf) + ^2^^ {ml - mj) , 

Zi = 2{Xi\vi\^ + X2\v2\^ + X3\vi\^\v2\^)+X(v*2V,+C.C.f 

+{^e\vi\^ + A7|^^2p) {V*2V1 + c.c.) , 

Z2 = 2{Xi\v2\^ + X2\vi\'' + X3\vi\^\v2\^)+X{v*2Vi+C.C.f 

-{Xe\v2\'^ + Arl^ip) {v*vi + c.c.) , 

Z3 = 2{Xi+X2)\n\^\v2\^ + X3{\v,\'' + \v2\^)-X{v*2V, + C.C.)^ 

+ i(A6 - A7) {V*2V1 + c.c.) {\V2\'^ - Ivil"^) , 
Z4 = 2{Xl + X2 — X3)\vi\'^\v2\'^ + X\vi —V2\'^\vi +V2\'^ 

+ i(A6 - A7) [V2V1 {vf - vf) + c.c] , 

Z, = 2{Xi + X2-Xs){v*2vlf + X{vf-vff + {Xe-X7)v*2dl{v*f-vf), 
Ze = [X2\V2\^ - X,\vif + X3{\vif - \d2\')] vld* + X{v*2n+c.c.) {vf-vf) 
+i {X6\vi\^ + \7\V2\^) {vf - vf) + i (A7 - Xe)vlv*2 {v*2Vi + c.c.) , 

Z7 = [X2\vi\^ - Xi\v2\^ + Xs{\v2f - \vi\^)] Vlv*2 " A (^^^^i + C.C.) {vf - vf) 

+k {X6\v2\' + Arl^iP) {vf - vf) - i (A7 - Xe)vlv*2 {v^vi + c.c.) . (3.88) 

At this point, only Yi, Y2, Zi, Z2, Z3, and Z4 are manifestly real. Now, however, 
we can apply the custodial symmetry condition from eq. (3.81), and use the fact that 
all of the and A parameters are real. Then we find 

Y3, Ze, Z7G R, 

Zi = Z5 = 2(Ai + A2 - X3)dlv^ + X{vl - S-|)2 + (As - A7)^2^i(w| -dl)eR. 

(3.89) 
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Since we now have a Lagrangian written in terms of "real basis" parameters, one can 
say that the condition for custodial invariance of the scalar potential is 



Z4 = in the real basis. 



(3.90) 



To check that we do not expect any additional relations among the Z param- 
eters, we can compare the number of degrees of freedom in eq. (3.88) and eq. (3.84). In 
the most general CP- violating 2HDM, one starts with 6 real and 4 complex parameters 
in the scalar potential, plus v. From these 15 degrees of freedom, 3 are removed by 
applying the scalar minimum conditions and one corresponds to an overall phase, which 
is not physically significant. From these 11 physical degrees of freedom, the conditions 
of CP conservation [eq. (3.1)] remove three, but there is no longer an overall phase to 
subtract, so there are 9 independent degrees of freedom. The condition of custodial 
symmetry removes an additional degree of freedom, leaving eight for the custodially- 
symmetric potential in eqs. (3.84) and (3.88). 

We will now replicate "case 11" of Pomarol and Vega and show that it produces 
exactly the same condition on the parameters of the Lagrangian as eq. (3.90). The 
alternative to the matrices in eq. (3.78) is the following: 



M21 = (l>2,^l) 



(3.91) 



which transforms as 



M21 ^ L M21 , 



(3.92) 



under S\J (2) ^ x S\J {2)r. Preserving a custodial SU {2)v symmetry after EWSB requires 
that the vev of M21 be proportional to the identity matrix: 



< M21 > 



J_( vl 
V2\ ^ VI 



oc 1 



V2 ' 



(3.93) 



since for L = R, 



< M21 >^ L < M21 > R'' 



From this matrix we construct the following: 



V2 



--< M21 > 



(3.94) 



Tv[mIM2i] 
det[Ml] 
det[Ml^M2i] 



Tr 

det 

det 



<I>o 



<i>r 



^7 



$0* 



($l$2)(^5«&l). 



$0* 



$ <I>2 



$0* 



$0 



(3.95) 
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With the expressions in eq. (3.95), one constructs the following SU{2)l x 
SU{2)fi symmetric scalar potential, again replicating the results in [108]: 

V = m^Tr[Ml^M2i] - (m?2 det[M2i] + h.c.) + XTv[Ml^M2if + A4 det[MjiM2i] 

+i (A5 det[Ml^f + A' det[A4i]Tr[M2\M2i] + h.c) . (3.96) 



Hermiticity implies 7v?, A, A4 G IR. As before, we convert to the Higgs basis: 

tv[m|iM2i] = hIhi + hIh2 

detiMjj = vlv2 {h\Hi - hIh^ - vIhIHi + vfHlH2 
det[M2\M2i] = \-vlvl{HlHif + {\vi\'^ - \v2?)vlv*2 {h\Hi - HIH2) h\H2 + h.c. 

+|^^2| Vil^ {h\Hi - hIhX + {\vi\^ + \V2\^) h\H2HIHi . (3.97) 



Subsituting equations (3.97) into eq. (3.96), we again achieve eq. (3.87), but now with 
different coefficients: 

Y2 2 — ^ — — — * 

1 = m — mi2ViV2 — mi2ViV2 , 

2 = m + m]^2^i'^2 + "^12^1^2 , 

Y2 '"■^2 I -^2 *2 
3 = -^12^1 + V2 mi2 , 

Zi = 2A + 2A4|^?lP|t^2|^ + [X5{vlv2f + X'vlv2 + C.C.] , 

Z2 = 2A + 2A4|^>lP|i^2|2 + [Hvlv2)^ - \'VIV2 + C.C.] , 

Z3 = 2A - 2X^\VI\''\V2\^ - [X5{vlv2)^ + C.C.] , 

Z4 = A4 (li^ll' + \V2\^) - [X5{VIV2)^ + C.C.] , 

Z5 = -2A4^???7^ + [X^vf + A^^7^^] , 

Z6 = X^{\di\^ - \d2\^W2dl + {X5vfv2 - Xldfvi + X'vf - X'*vf) , 

Zj = X^{\v2\^-\vi\^)v*2vl + {-X5vfd2 + Xtdfvi + X'df-X'*df). (3.98) 

As usual, Yi,Y2, Zi, Z2, Z^, and Z4 are manifestly real. Applying eq. (3.93) 
and the fact that m^, A4 and A are real, we find that in the custodial limit, 

iYs, iZq, iZj £R, 
Z4 = -Z5 = 2A4|vi|^ - X^vi - Xlvf G R . (3.99) 

Again we expect no further relations, since we have reduced the number of independent 
degrees of freedom in eq. (3.98) to 8, the same as in eq. (3.97). Since the phase of 
H2 is not physically meaningful, we are free to transform H2 iH2, which leads to 
(Y3, Zq, Z7) — > — i(l3, Zq, Z-j) and Z5 —-^5, putting all of the parameters in the 
real basis. Furthermore, since the sign of Z5 reverses, one can now make the statement 
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that the condition for custodial invariance is "Z4 = Z5 in the real basis," ^ as in the 
previous case. This transformation has no effect on the vevs < >, as one can see 
from eq. (2.11). 

Thus, we conclude that it is not possible to distinguish physically between these 
two "cases" of custodial symmetry-the only difference between them is the condition 
imposed on the vevs. The relationship between the vevs depends on the choice of basis, 
and thus cannot be physically measurable. 

3.3.1 The Basis-Independent Condition for Custodial Symmetry in 
the Scalar Sector 

It is possible generalize the two implementations of custodial symmetry pre- 
sented in the previous section by constructing a SU{2)l x SU{2)ii invariant scalar 
potential using Higgs basis fields, which avoids having to impose conditions on the vevs. 
For the purposes of this section, we will take all scalar couplings to be in the real basis, 
so that 

Yi£R, Zi£R y i. (3.100) 

This requirement removes the freedom to redefine the phase of H2 except by an overall 
sign (which would not change the results presented here). Let us define^^ 

Ml = {Hi , Hi), M2 = ie-''''H2 , e''^'H2) , (3.101) 

where the transformation under a global SU{2)l x SU{2)r is defined as usual: 

Mi ^ L Mi ijt . (3.102) 

In section 3.3 we explicitly required that < Mi > be proportional to the identity matrix 
so that the custodial symmetry is preserved after EWSB. Here, since we are writing the 
fields in the Higgs basis, we do not have impose any specific conditions on the vevs, since 
< Mi > are automatically proportional to the unit matrix. Now the SU{2)i x SU{2)ji 

^■^This statement is meaningful only if the sign of Zs in the real basis is a physical observable. If 
either Ze 7^ or ^7 7^ 0, the operation H2 ±iH2 transforms the couplings out of the real basis 
while changing the sign of Z5, (as noted above). Hence in this case the sign of Z5 in the real basis is 
meaningful. If Ze = Zr — 0, then H2 — > ±2/^2 changes the sign of Z5 while preserving the real basis. In 
this case the sign of Z5 is not a meaningful and custodial symmetry implies that Z4, — {Z^] in the real 
basis. 

^''in ref. [67], it was shown that for custodial symmetry in the quark-scalar sector of specialized 
versions of the 2HDM, the two ways to implement custodial symmetry can be distinguished based on 
the presence of the A'^GG effective interactions in the E 3> mw limit. However, in their discussion, 
constraints on the Yukawa couplings effectively select a "preferred" basis. 

^^In the special case of Zg = 0,ci3 = 0, and ImfZs e^^''^^^'^^^'] = 0, eq. (3.101) applies with the 
substitution 623 — > 823 — 612- In other mass-degenerate cases that we have treated here, in principle a 
different combination of mixing angles would play the role of 023. 
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invariant potential can be written as follows: 

V = iyiTr[MlMi] + iy2Tr[M^M2] + y3e"^^''Tr[Ml M2] + ^^i (t¥[m1Mi] 
+^Z2 (tV[4m2])' + iZ3Tr[MlMi]Tr[M5M2] + (TriMjMs])' 
+i (z6e-*^23Xr[M|Mi] + Z7e-^^23'Pr[M^M2]) Tr[MlM2] , (3.103) 

where the coefficients have been adjusted to anticipate comparison with the standard 
form of the scalar potential. Eq. (3.103) is equivalent to 

V = YiH\Hi+Y2H2^H2 + [Y^HIH2 + \i.C.] 

+ \Zi{H\Hif + \Z2{H2^H2f + Z-i{HlHi){H2^ H2) + Z^{h\H2){H2^ Hi) 

+ [\Z^{H\H2f + [Zq{h\Hi) + Z7{H2^H2)]hIH2 + h.c.} , (3.104) 
with the condition 

Z4 = Zse^^'fe-i ^ ImiZee-'^^'-") = , Im(Z7 e-'^^a) = q . (3.105) 

Note that ImlZ^e"^'^^'-"] = since Z4 is manifestly real. Eq. (3.104) is consistent with 
the results derived previously in a specific basis. One can rewrite eq. (3.105) so that 823 
does appear explicitly. Custodial symmetry requires that Z^Zf, Z^Zf, and Z^ip^)"^ 
be real- valued, so eq. (3.105) is equivalent to 

Zi = zbesel^sl ifZe/O, 

Z4 = ±£571^51 ifZ6 = 0,Z7/0, 

Z4 = ±e5Q\Z5\ ifZe = Zt = 0, ^0, (3.106) 

where the positive sign corresponds to Im(Z6e~*^^^) = Im(Z7e~*^^^) = lm{p'^e^^^^) = 
and the negative sign to Re(Z6e-*^23) = Re{Z7 e'^^^a) = Re(pOe*^23) = q. If Ze = Zj = 
p^ = 0, eq. (3.105) has two solutions, which in the real basis can be written 

Z4 = ±|Z5| , (3.107) 

refiecting the two possible definitions of CP symmetry which arise in this case. Since 
both CP symmetries are conserved, the condition in eq. (3.107) is indeterminate. 

3.3.2 Degeneracy in the Custodial Limit 

Finally, one important consequence of custodial symmetry in the Higgs sector 
is that the charged Higgs boson is always degenerate with one of the neutral Higgs fields. 
Since the custodial limit is CP-conserving, we can write the following expressions for 
the CP-odd mass from eq. (3.58): 

m% = y2 + ^[^3 + ^4-Re(Z5e-2^^23)]y2^ 

for Im(Z6e"^^23) = j^^^^^ g-i^aa) ^ lm{pQe'^^^) = . (3.108) 
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Note that this is the only possible value of m^o since the condition for custodial sym- 
metry in eq. (3.105) eliminates the possibility that eq. (3.59) is correct (as long as either 
or Z-j is non-zero). Thus, the condition = Re(Z5 e"^*^^^) of eq. (3.106) implies a 
degeneracy between the CP-odd Higgs and the charged Higgs, ie, 

m^o = m\± = Y2 + \Z-y . (3.109) 

This observation agrees with that of [108]. However, in the case of Zq = Z-j = 0, there 
is another possibility for the mass of the CP-odd field from eq. (3.59), 

m\o = I2 + ^[^3 + ^4 + Re(Z5 e-2^^'23)]y2 Re(pOe*^23) ^ q . (3.110) 
This unique case arises because 

/>Qe*^23 can be either imaginary or real, unlike Zqjc '^^ 
which must be real for the scalar potential to be custodially symmetric. (As we will 
see in section 3.3.4, imposing custodial symmetry on the Higgs-Quark sector does not 
require p^e*^^^ to be real.) In this case it is the CP-even field that is degenerate 
with the charged Higgs boson: 

m^o = m|± =¥2 + ^Zsv^ . (3.111) 

These two possibilities for degeneracy arise from the two possible definitions of CP 
mentioned in section 3.2.3. This phenomenon of a degenerate charged Higgs boson and 
CP-even Higgs boson was described for the case Zq = Zj = in [46], in the context 
of a "twisted" custodial symmetry. In fact, this scenario can be analyzed without the 
authors' "twisting" formalism, as we have seen here. Finally, we consider the case 
Zq = Z-j = = 0. With nothing to select out one of the two possible definitions of CP, 
it cannot be determined whether it is the CP-even or CP-odd neutral Higgs boson that is 
degenerate. We emphasize, in contrast to the authors of [46], that these two possbilities 
in eqs. (3.109) and (3.111) arise as a result of the two inequivalent definitions of the 
CP transformation, which exist (independently of the custodial limit) at the special 
point of parameter space where Zq = Zj = p'^ = 0. This is the only case in which the 
mass-degeneracy 'mjj± = mjjo corresponds to a custodial symmetry. 



3.3.3 Basis-Dependent Formulations of Custodial Symmetry in the 
Higgs-Quark Sector 

Let us now extend the two ways to impose SU{2)l x SU{2)r invariance dis- 
cussed in the previous section to the Higgs-Quark sector. As before, in the final analysis 
these two cases defined by Pomarol and Vega will be related by basis-transformations, 
and do not represent the most general way of implementing the symmetry. In Pomarol 
and Vega's "case I," equation (2.75) becomes 

-^Y = mOE Ml ( + mOl M2 (dr)^ ' ^^-^^^^ 
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with Mi defined in eq. (3.78). This Lagrangian is manifestly invariant under SU{2)l x 
SU{2)r given the transformations 

Mi LMiR'' , 



Dr J \Dr 

Ql ^ QZ^t. (3.113) 

Comparing with eq. (2.75), one finds the conditions 

VY = V?\ V^ = V2^- (3.114) 

With this constraint, the parameters and p'^ defined in eq. (2.78) become 

pU =-y^nY +viri , p^t =-vlrK + vlrf{ . (3.115) 

Since the Vi are real in this case [equation (3.81)], we find = k,^\ or simply Mu = 
M£). Similarly, p^'^ = p^ . The parameters p^ are not quite basis-independent, since 
they pick up a factor of det(U) under a U(2) transformation. However, from the previous 
section, we know that we are in the real basis. Thus, one state unambiguous conditions 
for custodial symmetry in the Yukawa sector: 

Mu = Md, P^ = p^^ in the real basis. (3.116) 

Let us now do the same for Pomarol and Vega's "case II." We construct 

-^Y = miQl M21 [dr)^ ''i^QZ M12 ( ) + ii-c- ' (3-117) 

with M21 defined in eq. (3.91), and a similar matrix defined as 

Mi2 = ^*i<^2- (3.118) 
This Lagrangian is invariant under SU{2)i x SU{2)r given 

M12 ^ LMuR^, 

M21 LM21R'' . (3.119) 

Comparing eq. (3.117) with eq. (2.75), one finds the conditions 

r?f = 7?f, %^ = ??f^ (3.120) 

Substituting equations (3.120) and (3.93) into eq. (2.78) yields 

pU = -y^riY + viri^ , p^t =v2rfl-viV2- (3-121) 
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Thus, one again finds Mu = Mj^. We also have = —p^. From the previous 
section, we know that to express these quantities in the real basis, we need to make the 
transformation H2 iH2, which is equivalent to 

p^^ip^, pD^^_ipDi_ (3122) 

Thus, the conditions for custodial invariance of the Yukawa sector are given by eq. (3.116), 
as in the previous case. 

3.3.4 The Basis-Independent Custodially-Symmetric Higgs-Quark La- 
grangian 

Now we will determine, in analogy to the previous section, the form of the 
SU (2) L X SU (2)ij-invariant Higgs-Quark Lagrangian, assuming that the fields and scalar 
couplings are in the real basis. Let us rewrite eq. (2.77) as follows: 

-^Y = QE{H,k^ + H2P^)Ur + WdHiK^^ + H2P^^)Dr + h.c. . (3.123) 

Then the desired lagrangian is of the form 

-^Y = /^QZ Ml ) + pQZ M2 ( ) + li-c- > (3-124) 

with Ml = Hi Hi and M2 = (e'^^^a^^ , e^^^s jj^) as in eq. (3.101). Comparing to 
eq. (3.123), one finds that the condition for invariance under SU{2)l x SU{2)r is 

Again, one can recover Pomarol and Vega's two cases by choosing to constrain 
the vevs of the Higgs fields. However, if there is no special symmetry imposed on the 
Yukawa sector (as we are assuming here), then there is nothing to select a "preferred" 
basis. There are an infinite number of unphysical basis choices which can be made, but 
one can always write down unambiguous conditions either by going to real basis, or by 
using invariant combinations as we have done in this section. 
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Chapter 4 

Phenomenology of the 2HDM 



4.1 The Oblique Parameters S, T and U 

The parameters S, T, and U are independent UV- finite combinations of radia- 
tive corrections to gauge boson vacuum polarization diagrams (aka "oblique" correc- 
tions). T is related to the parameter p hy p — 1 = aT. They are calculated from the 
transverse part of the gauge boson two-point function: 

S = ^-^Uw3B[q ) g2=Q 4.1 

aT = ^[nH.iiyi(0)-n,^3H'3(0)] , (4.2) 

^ = ~^'j^\^w^w^{q^) -^w^wi(jf')\\q^=o- (4-3) 

Here, IVij{q^) is defined by 

inf/ = ig^^n,, (<?2) + [q^^q- terms) . (4.4) 

Some care must be taken as this differs from the convention of [8, 103, 104], and others, 
who pull out factors of g^, etc. 

The "linear expansion approximation" is often used in the literature, which 
extracts the dependence of the functions on g^, as in refs. [103] and [104]: 

Ii,j{q^)=A,j{{))+q^Fi,{q^). (4.5) 

For the case that the scale of the new physics is much greater than m^, one can take the 
momentum scale q^ to be of order m^, and define the oblique parameters as follows [64]: 



swcw 



2slr - 1 



(4.6) 



aT . (4.7) 



my^ rriz 



^{S + U) = Fww{mi^)-F^^{mi^)-^Fz^{mi^). (4.8) 
i67r sw 
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The combination S + U rather than U has been taken for calculational simphcity. S, T 
and U are defined relative to the Standard Model, so that extending the Higgs sector 
has the effect of shifting the parameters away from zero.^ Thus, in the calculations that 
follow, contributions from Standard Model processes have been subtracted out. The 
Higgs mass used in this "reference" Standard Model {m^) will be left arbitrary for the 
moment. 

The result for S is calculated in Appendix E.l and found to be: 

•S* = [9^1^22(^1; m|, m|) - ^22(^1; ?n|, m^) - m|g^i^o("i|; "^fc) 

+m|^o(m|; ml,ml) + ql,B,,{ml- m^, mi) + ,i,^22(m|; , ml) 
+qiiS22{m%]7nl,ml) - B22{m%]7njj±,mjj±)] . (4.9) 

Here represents the mass of the charged Higgs H^, as usual, and the masses 

of the neutral Higgs hk {k = 1,2,3). Repeated indices are summed over. The notation 
;S22 and Bq was introduced in [64]: 

B22{q^; ml,ml) = ^22(9^ mj,ml) - ^22(0; m?, m|) , (4.10) 
Bo{q'^;ml,ml) = Bo{q'^;mlml) - Bo{0;ml,ml) . (4.11) 

The functions -B22 and Bq are defined in ref. [101] and come from the evaluation of 
two-point integrals. They can be evaluated using the following formulae of ref. [64]: 

1 1 

B22{q^;ml,ml) = -(A + l)[m? + - -g^] _ 1 / dxX\n{X-ie), 
4 o JO 

BQ{(f'\'m\^m\) = A — / dx\ii{X — ie) , 

Jo 

Ao(m2) = m2(A + 1 - Inm^) , (4.12) 

where X = mix + rTi^l — x) — q^x{\ — x) and A = + ln(47r) — 7, in cZ space-time 
dimensions. 

The calculation of T and S + U \s also undertaken in the Appendix. The result 

^Contributions to the oblique parameters from the Higgs-fermion Yukawa couphngs will not be 
included here, since they arise from diagrams of order two-loops and higher. 
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is (summing over repeated indices) 
1 



{\qk2\ F{mfj±,m^) - q2iF{m^,m^) - q^^F{m2,m^) 



S + U 



-ql^F{ml,ml) + ql-^[F{m^,ml) - F{ml,ml)] + 4m'^wBo{0-,rn 
-4m|So(0;m|,m|) - Jm^Bo(0; m^, m^) - ?n|Bo(0; m|, m|)] 
+F{ml, ml) - F(m^, m^)} , 

^ 2 2»?/2 2 2\i 2 n ^ 2 2 2\ 
2 9fcl"^H/^o("lH/; IT^W^^k) + "T-M/^olmiy ; "iH/' "^(a) 

-i322(mp^.; m^, m^). + ql^B22{my^^; m^,ml) 
+ kfc2 1 ^.^22 (mvi^ ; m^± , ) - 2;B22 (m^ ; m^± , m^± ^ 



(4.13) 



where 



F{mlml)^\{-^l+^l) 



2 2 

m|m2 



In 



mi 



One can check that 



77/2 2 

i< (m , m 



0. 



(4.14) 



(4.15) 



This calculation T has been exhibited in a basis-dependent formalism in [51]Grimus:2008nb, 
and the result is consistent with eq. (4.13). 

4.1.1 The Parameter T and the Custodial Limit 

The result for T is exhibited in a different form in [108], to emphasize which 
terms in T arise from the breaking of the custodial symmetry and which arise from the 
non-custodially-invariant terms in the scalar potential. In the custodial limit, g' ^ {) 
and mz = mw- The terms resulting from the gauging of hypercharge, which vanish in 
this limit, may be rewritten so that they are proportional to g'^: 



aT 



9 



.12 



3 



k=\ W Z 



{F{ml, ml) - F{ml, m^) + F(m^, m^) - F(m|, m|) 



+4[m|So(0; m%,ml) - m^5o(0; m^j/, m^)] 
+A[mwBo{0;mw,ml) - m%Bo{0;m%,ml)]} 



+ 



9 



647r2 



,2 77/-™2 



E 

.k=l 
2M 



|2 zT"/ 2 2 \ 2 2 2\ 2 77/ 2 2\ 

qk2\ F{m,,,m^±) - q^^F{m2,mr^) - q2iF{m^,m^) 



-q2iF{m2,m^ 



(4.16) 
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where a = Let us now focus on the terms proportional to in eq. (4.16). One can 
verify that 

3 

^ \qk2\^F{ml,m]j±) - ql^F{ml,ml) - - ql^F{ml,ml) =0, 

k=i 

[custodial hmit] (4.17) 

due to the degeneracy between one of the neutral fields and the charged Higgs boson. 
For example, in CP Case I [see Table 3.1], the term displayed in eq. (4.17) is proportional 
to 

sl2F{ml,mjj±) + c\2F{ml,m]j±) + F{ml,mjj±) - cl2F{ml,ml) - sl2F{ml,ml) . 

(4.18) 

Due to the degeneracy between the charged Higgs boson and the CP-odd field ms, 
^(mg, m^±) = and the rest of the terms cancel. One may check the other cases of CP 
symmetry in a similar manner. In the special case oi Zq = Zi = 0, the charged Higgs 
may be degenerate with a CP-even field rather than the CP-odd field. One can verify 
for the six cases of CP symmetry (i)-{vi) that eq. (4.17) vanishes when rrijj^ = mjjQ. 
[For example, in case (i), this term is proportional to F(m^o,m^±) + F(m^o,m^±) — 
F(m^O) "^^o) = 0.] Thus, the only non-zero contribution to aT arises from the breaking 
of custodial symmetry [the first part of eq. (4.16)]. 

4.1.2 S, T, and U in the CP-Conserving Limit 

The expressions for S, T, and U in the CP-conserving limit can be calculated 
using Tables 3.1- 3.3. Note that Case II has been divided into two subcases based on the 
mass ordering of the neutral scalars. Case Ha {mf^o < my^o) and Case lib (rra^o > nij^o). 
Plugging in the values of the q^i parameters from the tables into equations (4.9) and 
(4.13), one reproduces the results of ref. [64] (the reference mass has been fixed to 
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be rriiio] 



+B22 (m^z ; ' 'f^HO ) - -^22 ("^1 ; m| , m^o ) - m%Bo (m| ; m| , m^o ' 
+mzBo{rnz-,rnl,rnlo)] - ^22(?7i|; , m^±) L 



+ cos\(3 - a)[F{ml^,ml) - F{m\.,ml.) + FK^,m^o) - F^^.m^o) 
-F{ml,mjjo) +F(m|,m^o) + 4m|5o(0; m|, m^o) 

-4m|Bo(0; m|, m^o) - 4m^5o(0; m^, m|^o) + 4?n^Bo(0; m^, m^o)] 

5 + ;7 = — \^\B22{m\]m\±,m\o) -2B22{m%]m]j±,m]j±) 

+ sm^(/3 - a)B22{m^r]m]j±,m\Q) + cos^(^ - a)[B22{m^i]m\Q,m\j±) 
+B22{'m^]m^,rn\o) - B22{m^-,m^,rn\o) 

+mlrBo{ml.; m^,, ml,) - m^^BoK^; m^^, m^^o)] } (4.19) 

The angle {3 — a is defined in eq. (3.38). Note that these expressions hold for both cases 
of CP conservation defined in section 3.1.1. 

4.2 Numerical Analysis 

The experimental determinations of 5", T and U are as follows [6]: 

S = -0.10 ±.10, 
T = -0.08 ±.11, 

U = 0.15 ±.11, (4.20) 

for the value of the Standard Model Higgs mass = 117 GeV. The values in eq. (4.20) 
have the Standard Model contributions subtracted out, so that they reflect the deviation 
from the SM prediction. 

Fixing [/ = 0, as required by some models, changes the experimental limits on 
S and T slightly due to correlations between the parameters. The relevant constraints 
in the C/ = scenario for = 117 GeV are shown in ref. [6] to be consistent with no 
deviation from the Standard Model: 

5 = -0.04 ±.09, T = 0.02 ±.09 (4.21) 
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For = 300 GeV, the corresponding values are 

5 = -0.07 ±.09, r = 0.09 ±.09 



(4.22) 



These hmits indicate that new physics contributions to the obhque parameters are 
tightly constrained. Their significance for the parameters of the 2HDM is the subject 
of this section. 

The parameters of the 2HDM which are constrained by S, T, and U can be 
taken to be Zi, Z3, Z3 ± Z4, e~^*^^^, Zq e"*^^^ and Y2, since these 6 quantities deter- 
mine the physical Higgs masses [see eqs. (2.41) and (2.23)] and the invariant functions 
Qki [see Appendix C]. At this point, it will be assumed that the lightest neutral Higgs 
mass (mi) will be interpreted as the reference mass m^. 

The procedure used here to study the effect of the 2HDM on the oblique 
parameters was to choose random values of the six parameters in the space allowed by 
the unitarity bounds calculated in Appendix F, subject to the additional requirement 
that mi falls within 15 GeV of 117 GeV, since was taken to be 117 GeV in the PDG 
analysis. Then the Higgs masses and qk£ are calculated numerically and inserted into 
eq. (4.9) and eq. (4.13) to obtain 5, T, and U for each point in parameter space. 

It was found that the 2HDM consistently produces values of U within .02 of 
zero. This fact has important ramifications for comparison with experiment, since the 
limits in eq. (4.21) must be used to constrain S and T, rather than the generic limits in 
eq. (4.20). Scanning the parameter space and comparing with the allowed "ellipse" in 
S — T space produces the results shown in Fig. 4.1. From the scatterplot it is evident 
that the values of S produced are greater than indicated by the central value of —.04, 
although the discrepancy is not statistically significant. Since the values of T cover a 
broad range, the experimental value of T is easily accomodated. 

Meanwhile, the interplay between the constraints from perturbative unitarity 
and the experimental limits on the oblique parameters is illustrated in Figs. 4.2(a) and 
(b), which display S and T as a function of the charged Higgs mass ■mjj±. In these 
plots, we have fixed I2 = ^^^w that mfj± is limited by the unitarity bound on Z3. 
(Recall that m,^± = ^ ± ^Z^v"^.) The remaining parameters, shown below, are chosen 
such that nil = 117 GeV, to facilitate comparison with eq. (4.21): 

Zi = 0.31 , Z3 + Z4 = 24, 

Re{Zee-'^^^) = 0.1, Im(Z6 e'^^^a) = _i.o, 

Re(Z5 6-2*^23) = _i,o, Im(Z5e-2*^23) = 1.0. (4.23) 

Fixing the quantity Z^ + Z4, rather than Z4 alone, ensures that mi (and thus m^) does 
not vary as Z3 is increased. This simplifies the task of using the experimental limits 
in eq. (4.21). The sharp minimum in Fig. 4.2(b) results from the fact that corrections 
to T are minimized when the difference between the charged Higgs and heavy neutral 
Higgs masses is small. This effect will be exhibited in more detail in section 4.2.1. 

The values for the Zi in eq. (4.23) and our choice of Y2 = (80.4 GeV)^ generate 
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Figure 4.1: Scatterplots for T as a function of S, with mi = 117 it 15 GeV. The elhpse, 
representing the 2 a contour, is adapted from [6]. The second plot shows a close-up of 
the allowed region. 

the following masses for the Higgs particles: 

mi = 117 GeV, 
7712 = 831 GeV , 

7773 = 882 GeV . (4.24) 
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Figure 4.2: S and T shown as a function of mfj± (solid line), with Y2 fixed to be 
m^,. The mass scale is in GeV. The unitarity bound (dashed line) applies to Z3; all 
other parameters were picked so as to undersaturate unitarity. The la and 2a contours 
(shaded regions) are obtained from eq. (4.21). 



The charged Higgs mass can be at most 875 GeV for I2 = i^^w^ based on the unitarity 
limit Z3 < Svr. 

This numerical analysis shows that the current experimental limits on the 
oblique parameters are consistent with contributions to new physics from a second 
Higgs doublet over a large region of the 2HDM parameter space. However, experimental 
bounds on the S, T, and U parameters do impose some non-trivial constraints. Our 
results also suggest that the 2HDM favors a slightly positive value of S and a value of 
U within .02 of zero, which is consistent with present data within the statistical error. 
The 2HDM produces a broad range of values for T, which overlap completely with the 
experimental 2 a bounds. Finally, we have shown that taken together, the bounds on 
S, T, and U and the unitarity limits act synergistically to restrict much the 2HDM 
parameter space. 
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4.2.1 Splitting Between Neutral and Charged Higgs Masses 

One can consider the case where the neutral masses mi, m2, and are hght, 
and the charged Higgs mass heavier {mjj± > m^). For a given choice of Z3, the size of 
the sphtting Am = mu± — is maximized when the other Zj are small. As we will 
see in this section, the measured value of T puts a limit on Am. The following values 
for the Zi have been chosen to maximize Am, while preserving our requirement that 
mi w 117 GeV at Y2 = m^: 

Zi =0.25, Re(Z6e-*^23) = o.Ol, 
Z3 + Z4 = .26 , Im(Z6 e~^^23) = q.OI, 
Re(Z5e-2'^'23) =0.01, Im(Z5 e'^^^^a) =0.01. (4.25) 

With the parameters fixed as in eq. (4.25), the size of the splitting (controlled by Z3) 
can easily become large; for example. Am = 400 GeV at Z^ = 9. However, one can now 
impose constraints from the oblique parameters. Using the values of the Zi in eq. (4.25), 
S and T as functions of Am are shown in Figs. 4.3(a) and (b), respectively. 

In these plots, as in the previous section, the experimental limits are taken 
from eq. (4.21), since C/ w 0. The graph of T shows that the mass of the charged 
Higgs can at most be roughly 100 GeV greater than and still be consistent with the 
experimental limits, which corresponds to the value Z3 = 1.5. 

4.3 Measuring tan{f3) 

In sections 2.5 and 2.6, we have written out the entire interaction Lagrangian 
for the Higgs bosons of the 2HDM. Yet, the famous parameter tan/3, given by tan/3 = 
V2/V1 in a generic basis [see eq. (2.3)], does not appear in any physical Higgs (or Gold- 
stone) boson coupling. This is rather surprising given the large literature of 2HDM 
phenomenology in which the parameter tan/3 is ubiquitous. For example, numerous 
methods have been proposed for measuring tan/3 at future colliders [42, 81, 15, 62, 19, 
36, 31, 84]. In a generic basis, one can also define the relative phase of the two vacuum 
expectation values, ^ = arg {v2vl). However, neither tan/3 nor ^ are basis-independent. 
One can remove ^ by rephasing one of the two Higgs doublet fields, and both ^ and 
tan P can be removed entirely by transforming to the Higgs basis. Thus, in a general 
2HDM, tan /3 is an unphysical parameter with no significance a priori. 

The true significance of tan /3 emerges only in specialized versions of the 2HDM, 
where tan /3 is promoted to a physical parameter. As noted in section 2.6, the general 
2HDM generally predicts FCNCs in conflict with experimental data. One way to avoid 
this phenomenological problem is to constrain the theoretical structure of the 2HDM. 
Such constraints often pick out a preferred basis. Relative to that basis, tan (3 is then a 
meaningful parameter. 

The most common 2HDM constraint is the requirement that some of the Higgs- 
fermion Yukawa couplings vanish in a "preferred" basis. This leads to the well known 
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Figure 4.3: S and T shown as a function of the mass spUtting between the charged 
Higgs and the heaviest neutral Higgs. The mass scale is in GeV. The central values 
(dashed lines) and the la and 2a contours (shaded regions) are obtained from eq. (4.21). 
Splitting of more than 100 GeV is disfavored by the constraints from T. 



type-I and type-II 2HDMs [69] (henceforth called 2HDM-I and 2HDM-II). In the 2HDM- 
I, there exists a preferred basis where = = ^ [63, 69]. In the 2IIDM-II, there 
exists a preferred basis where riY = r]2 = [37, 69]. These conditions can be enforced 
by a suitable symmetry. For example, the MSSM possesses a type-II Higgs-fermion 
interaction, in which case the supersymmetry guarantees that rji = '>]2 ~ 0- In non- 
supersymmetric models, appropriate discrete symmetries can be found to enforce the 
type-I or type-II Higgs-fermion couplings.^ 

The conditions for type-I and type-II Higgs-fermion interactions given above 
are basis-dependent. But, there is also a basis- independent criterion that was first given 

^These discrete symmetries also imply that some of the coefhcients of the scalar potential must also 
vanish in the same preferred basis [63, 37, 69, 87]. 
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in ref. [34] :3 



(^abVaVb = ^abV^^Vi^ = 0, type-I , (4.26) 
SabV^^V^ = 0, type-II. (4.27) 

We can now prove that tan /3 is a physical parameter in the 2HDM-II (a similar 
analysis holds for the 2HDM-I^). In the preferred basis where f]i = = 0, we shall 
denote: v = e*''(cos/3, sin/?e*^) and w = e~'''(— sin/3e~*^ , cos/3). Evaluating k'^ = 
V* • r]'^ and = w* ■ rp in the preferred basis, and recalling that the k*^ are diagonal 
real matrices, it follows that: 

where / is the identity matrix in quark flavor space and kP = \/2Mq/u [see eqs. (1-23) 
and (1.24)]. These two definitions are consistent if kP + p^'^ (P = is satisfied. 
But the latter is equivalent to the type-II condition [which can be verified by inserting 
eq. (2.79) into eq. (4.27)]. 

To understand the phase factor that appears in eq. (4.28), we note that only 
unitary matrices of the form U = diag(e*-^^ , e*-^^) that span a U(l)xU(l) subgroup of 
the flavor-U(2) group preserve the the type-II conditions rH = r]2 = in the preferred 
basis. Under transformations of this type, r] ^ t] + xi ™d £, £, + X2 — Xi- Using 
eq. (2.80), it follows that p<3 (A{xx+X2) pQ , Hence p'9e-'(«+^'') is invariant with 
respect to such U(l)xU(l) transformations. We conclude that eq. (4.28) is covariant 
with respect to transformations that preserve the type-II condition. 

The conditions specified in eq. (4.28) are quite restrictive. In particular, they 
determine the matrices p^: 

D^-^(i+2n) ^ -V^Mp tan 13 ^ u^-i{^+2r,) ^ V2Mu cot P _ 

V ' V 

Up to an overall phase, p^ and p^ are real diagonal matrices with non-negative en- 
tries. There is also some interesting information in the phase factors of eq. (4.29). 
Although the p'^ are pseudo-invariants, we have noted below eq. (2.83) that e^^^^ p'^ is 
U(2)-invariant. This means that the phase factor e"*'^^^^"^^^^''^ is a physical parameter. 
Moreover, we can now define tan /3 as a physical parameter of the 2HDM-II as follows: 

tan/? = ^|Tr(p^M^i)|, (4.30) 

where < /3 < 7r/2. This is a manifestly basis-independent definition, so tan/3 is indeed 
physical. 



^In this paper, we have sUghtly modified our definition of the Yukawa coupUng. What is called 77^ 
in ref. [34] is called r;^^ here. 

■^Eq. (4.26) involves pseudo-invariant quantities. Nevertheless, setting these quantities to zero yields 
a U(2)-invariant condition. 
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In Higgs studies at future colliders, suppose one encounters phenomena that 
appear consistent with a 2HDM. It may not be readily apparent that there is any 
particular structure in the Higgs-fermion interactions. In particular, it could be that 
eq. (4.28) is simply false. Here we present a model-independent version of the tan (3 
parameter. For simplicity, we assume that the Yukawa couplings of the Higgs bosons to 
the third generation fermions dominate, in which case we can ignore the effects of the 
first two generations.^ In a one-generation model, one can introduce three tan/?-like 
parameters 

tanpi, = —= , tanpt = tttt ' tanp,- = , (4.ol) 

where tan/?,- is analogous to tan/?^ and depends on the third generation Higgs-lepton 
interaction. In a type-II model, one indeed has tan jSh = tan (3t = tan I3r = tan (3. In 
the more general (type-Ill) 2HDM, there is no reason for the three parameters above 
to coincide. However, these three parameters are indeed U(2)-invariant quantities, and 
thus correspond to physical observables that can be measured in the laboratory. The 
interpretation of these parameters is straightforward. In the Higgs basis, up and down- 
type quarks interact with both Higgs doublets. But, clearly there exists some basis 
(i.e., a rotation by an angle (3t from the Higgs basis) for which only one of the two 
up- type quark Yukawa couplings is non- vanishing. This defines the physical angle [it- 
The interpretation of the other two angles is similar. 

Since the phase of e^^^^/O*^ is a physical parameter, one can generalize eq. (4.31) 
by defining 



^^[e,,-x,) tan/3, EE , e*(^23-x*) tan A ^ , (4.32) 

V2 "If) V 



and similarly for tan/?,-. Thus, in addition to three tan/3-like parameters, there are 
three independent physical phases Xb-, Xt and Xt that could in principle be deduced from 
experiment. Of course, in the 2HDM-II, one must have Pb = Pt = Pt and Xb = Xt = Xt- 

A similar analysis can be presented for the case of the 2HDM-I. In this case, 
one is led to define slightly different tan /3-like physical parameters. But, these would 
be related to those defined in eq. (4.31) in a simple way. A particular choice could 
be motivated if one has evidence that that either the type-I or type-II conditions are 
approximately satisfied. 

We conclude this section by illustrating the utility of this approach in the 
case of the MSSM. This example has already been presented in ref. [34] in the case of 
a CP-conserving Higgs sector. We briefly explain how that analysis is generalized in 
the case of a CP-violating Higgs sector. The MSSM Higgs sector is a CP-conserving 
type-II 2HDM in the limit of exact supersymmetry. However, when supersymmetry 
breaking effects are taken into account, loop corrections to the Higgs potential and the 
Higgs-fermion interactions can lead to both CP-violating effects in the Higgs sector. 



^This is probably not a bad assumption, since k'^ is proportional to the quark mass matrix Mq. 
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and the (radiative) generation of the Higgs-fermion Yukawa couplings that are absent 
in the type-II limit. In particular, in the approximation that supersymmetric masses 
are significantly larger than mz, the effective Lagrangian that describes the coupling of 
the Higgs bosons to the third generation quarks is given (in the notation of [26]) by 



-£cfr = {hb + 5hb){qL^i)hR + {ht + 5ht){qL^2)tR + Ah {qL^2)bR + A/i* {qL^i)tR + h.c. , 

(4.33) 

where qi^ = {ul , d^). Note that the terms proportional to Ahb and Aht, which are ab- 
sent in the tree-level MSSM, are generated at one-loop due to super symmetry-breaking 
effects Thus, we identify t]^ = {{ht + 6hb)* , Ahl) and r]^ = {Aht , h + 5ht). The 
tree-level MSSM is CP-conserving, and ^ = in the supersymmetric basis. At one-loop, 
CP-violating effects can shift ^ away from zero, and we shall denote this quantity by 
A^.^ Evaluating k9 = v* ■ •q'^ and = w* ■ rf^ as we did above eq. (4.28), 



cp{ht^bhbr ^e-'^^sp{Ahb)\ 
-e''^^sp{h + 6hi,r +cp{Ahr, 
cpAht + e-'^^sp{ht + 6ht), 
-e'^^spAht + cp{ht + 5ht). 



(4.34) 



By definition, the are real and non-negative, and related to the top and bottom 
quark masses via eqs. (1.23) and (1.24). Thus, the tree-level relations between m^, mt 
and /ifo, ht respectively are modified [105, 32, 27, 68, 72]:^ 



vn 



D 



nib 



mt 



V2 



vsfsht 

V2 ~ y/2 



l + Re(^ + ^e^^« 
hb h 



tan (3 



VK 



u 



( 6ht Aht iAc 
1 + Re + ^e'^« 
V ht ht 



cot (3 



[1 + Re(A5)] , (4.35) 
[1 + Re(AO] , (4.36) 



which define the complex quantities A^ and A^.^Eq. (4.32) then yields: 



tan j3b 
tan j3t 



-e-'^^Sf}{hb + 5hb) + cpAhb 



cp{hb + 5hb) + e^^^spAhb 
cpAht + e-^^^sp{ht + 5ht) 



-AhtSfse'^i + cp{ht + 6ht 



Xb = 023 +i^b + V, (4.37) 



Xt = 023 + iJt + V, (4.38) 



®In practice, one would rephase the fields after computing the radiative corrections. But, since we 
are advocating basis-independent methods in this paper, there is no need for us to do this. 

'^If one of the Higgs fields is rephased in order to remove the phase A^, then one simultaneously 
rephases Ahb,t such that the quantities A/ii,,te*^^ are invariant with respect to the rephasing. In 
particular, ht, and ht are not rephased, since these tree-level quantities are always real and positive and 
proportional to the tree-level values of rUb and mt, respectively. 

*In deriving eqs. (4.35) and (4.36), we computed k*^ — \k'^\ by expanding up to linear order in the 
one- loop quantities Ahb,t and Shb,t- Explicit expressions for Aft and At in terms of supersymmetric 
masses and parameters, and references to the original literature can be found in ref. [26]. 
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where tljt,b = arg(e ^^p^'^). Expanding the numerators and denominators above and 
dropping terms of quadratic order in the one-loop quantities, we end up with 



tan f3b 



cot (3t 



tan/3 



1 + Re Afo 



cot (3 
1 + ReAt 



1 + ^Re 



1 + Re A 



6hi, 



1 Ah 



C(3Sf3 ht 



(4.39) 



(4.40) 



We have chosen to write tan tan /3 in terms of Af, and 5hb/hb, and cot Pt/ cot /3 
in terms of At and Aht/ht in order to emphasize the large tan /? behavior of the devia- 
tions of these quantities from one. In particular, keeping only the leading tan /3-enhanced 
corrections, eqs. (4.35) and (4.36) imply that^ 



hh 



At ~ 



5Jh 
ht 



(4.41) 



That is, the complex quantity A;, is tan /3-enhanced. In typical models at large tan/3, 
the quantity |Af,| can be of order 0.1 or larger and of either sign. Thus, keeping only 
the one- loop corrections that are tan /3-enhanced,^'^ 



tan Pb 



tan P 



1 Re Afc 



cot Pt cot P 



1 



tan/3Ref^e*^« 



(4.42) 



Thus, we have expressed the basis-independent quantities tan Pb and tan Pt in terms of 
parameters that appear in the natural basis of the MSSM Higgs sector. Indeed, we find 
that tan Pb ^ tan Pt as a consequence of supersymmetry-breaking loop-effects. 



^Because the one-loop corrections Sht, Aht, Sht and Aht depend only on Yukawa and gauge couplings 
and the supersymmetric particle masses, they contain no hidden tan /3 enhancements or suppressions [25]. 
^''in ref. [34] the one-loop tan /3-enhanced correction to cot (3t was incorrectly omitted. 
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Chapter 5 
Conclusion 



The basis-mdependent formahsm will allow multiple Higgs bosons to be inter- 
preted in experiments before the underlying dynamics (MSSM, etc.) are understood. 
Once the physical observables {p^ , scalar masses, etc.) are measured, they can then 
be related to physical parameters such as the tan /3-like parameters to identify whether 
the scalars are consistent with a specific model, such as supersymmetric model. At this 
point, we have a complete theoretical description of the scalar, boson, and Yukawa sec- 
tors of the basis-independent 2HDM in both the CP-conserving and CP-violating cases. 
We have defined a mass matrix for neutral Higgs particles in terms of basis-independent 
scalar couplings \Y2, Zi, Z3 ,^4, Zse"^*^^^, and Zge"*^^^.] Since Z^ does not appear in 
the mass matrix, it is possible to have CP violation in the scalar sector of the theory 
(arising from Zj terms) even in the absence of mixing betweeen CP-even and CP-odd 
Higgs eigenstates. When the physical Higgs bosons are CP eigenstates (regardless of 
whether CP violation appears in the Lagrangian), there exist three ways to implement 
the mixing of the neutral Higgs particles, which we have called cases I, Ha, and Hb. 
These cases, which can be physically distinguished based on the invariant Zse"^*^^^, 
correspond to different orderings of the neutral Higgs fields in the mass matrix. We 
have also described the mixing angles in the special cases of = and Zq = Zj = 0. 
For Zq = 0, we find that barring degeneracy in the neutral scalars, the mass matrix 
breaks up into 1x1 and 2x2 blocks, as it does in the CP-conserving cases. However, 
the neutral scalars may still have indefinite CP quantum numbers, since CP violation 
may arise from the interactions involving Zj. For Zq = there are three cases that can 
be distinguished, labeled cases and (in) in this document, which can again be 

related to the different patterns of mass ordering. For completeness, we also describe 
the situations in which Zq = and the neutral scalars are doubly degenerate. In spe- 
cial case of Zq = Zj = 0, we find that there are two physically distinguishable cases 
corresponding to different definitions of a time reversal (T) transformation. 

The decoupling limit and the custodial limit have been developed in this basis- 
independent formalism, and the phenomenology of the oblique parameters and tan /?-like 
parameters have been defined in such a way as to be physically measurable without im- 
posing symmetries or other assumptions on the scalar sector. The oblique parameters of 
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the CP-violating 2HDM were analyzed numerically and found to be consistent with the 
experimental values within statistical error when plausible values of the scalar couplings 
were postulated (based on unitary limits). However, since our analysis shows that the 
2HDM favors specific ranges for S and U, it may be possible to rule out the model in 
the future if experimental limits change. (Our analysis suggests that the 2HDM can 
accommodate equally well both positive and negative values of T, so that parameter is 
unlikely to falsify the model.) We also made use of the oblique parameters to constrain 
the mass difference between the neutral Higgs bosons and the charged Higgs boson. 
Other phenomenological impications of the 2HDM, such as FCNCs, remain open to 
further research. 
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Appendix A 

The 2HDM scalar potential in a generic 
basis 

Let and $2 denote two complex hypercharge-one, SU(2)l doublets of scalar 
fields. The most general gauge-invariant scalar potential is given by 

V = mii$|$i + m22^>2^2 - + h.c] 

+ iAi(#i$l)2 + iA2($^^2)^ + A3($I^l)($^$2) + A4($I$2)(^2^l) 

+ {iA5($I$2)'+ [A6($I^l) + A7(4^'2)]^I$2 + h.C.} , (A.l) 

where mfi, m|2, and Ai, • • • , A4 are real parameters. In general, m^g) A5, Ag and A7 are 
complex. The form of eq. (A.l) holds for any generic choice of $i-$2 basis, whereas 
the coefficients mfj and A^ are basis-dependent quantities. Matching eq. (A.l) to the 
U(2)-covariant form of eq. (2.2), we identify: 

Yu=ml^, Yi2 = Y*^ = -ml^, Y^^=ml^^ (A.2) 

and 



^1111 


= Ai, 




-^2222 


= A2, 




■2'll22 


= -^2211 


= A3, 


2'l221 


= ^2112 


= A4 


■2'l212 


= A5, 




■^2121 


= A5 , 




■Z'1112 


= -Z'i211 


= Ae , 


Z\\2\ 


= ^2111 


= A^ 


■^2212 


= -Z'i222 


= A7, 


■^2221 


= ^2122 


= A*7 



Explicit formulae for the coefficients of the Higgs basis scalar potential in terms of the 
corresponding coefficients of eq. (A.l) in a generic basis can be found in ref. [34]. 
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Appendix B 



The neutral Higgs boson squared- mass 
matrix in a generic basis 



Starting from eq. (2.2), one can obtain the neutral Higgs squared-mass matrix 
from the quadratic part of the scalar potential: 



Of 



Of 

c 





(B.l) 



Thus, -/^^ is given by the following matrix of second derivatives: 



Of 



sOt^^Ot 

- c 



(B.2) 



where Va = vVa/V^ and v^Va = 1- With V given by eq. (2.2), one finds: 



Ybd + h^^i^efbd + Z^dbfWeVf 



(B.3) 

In deriving this result, we used the hermiticity properties of Y and Z to rewrite the upper 
left hand block so that the indices appear in the standard order for matrix multiplication 
in eq. (B.l). In addition, we employed: 



5$ 



Of 



(B.4) 



It is convenient to express the squared-mass matrix in terms of (pseudo)- 
invariants. To do this, we note that we can expand an hermitian second-ranked tensor 
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[which satisfies A^i = (Aha)*] in terms of the eigenvectors of V^i 



VnVr 



Kb = MVA)V^j, + Tt{WA)W^j, + [{vlmAJvawl + {wlvdAJwavl] , (B.5) 

where W^i = WaW^ = 5^5 ~ ^al- Likewise, we can expand a second-ranked symmetric 
tensor with two unbarred (or two barred indices), e.g., 

Kb = {Vs^KdjVaVb + iWsW*gAcd)WaWb + {v^W*^Acd){VaWb + WaVb) ■ (B.6) 

We can therefore rewrite the upper and lower right hand 2x2 blocks of the squared-mass 
matrix [eq. (B.3)] respectively as: 



lad 



Ibd 



w 



(B.7) 
(B.8) 



The upper and lower left hand blocks are then given by the hermitian adjoints of the 
lower and upper right hand blocks, respectively. Note that eq. (B.8) can be simpli- 
fied further by eliminating Yi and using the scalar potential minimum conditions 
[eq. (2.21)]. 

Let us apply this result to the Higgs bases, where v = (1 , 0) and w = (0 , 1). 
After imposing the scalar potential minimum conditions. 



2' 



( ^1 

^6 
^1 

V zi 



zi 

Z^ + Zi + 2Y2/v^ 

Zi 



The massless Goldstone boson eigenvector 



\/2 



Zi 

^6 
Zl 

Zi 



( 1 \ 



-1 
V J 



\ 



^5 

Zq 

Z:i + Zi + 2Y2/v^ J 



(B.9) 



(B.IO) 



can be determined by inspection [the normalization factor is chosen for consistency 
with eq. (2.22)]. Thus, we can perform a (unitary) similarity transformation on to 
remove the Goldstone boson from the neutral Higgs squared-mass matrix. Explicitly, 
with the unitary matrix 



V 





( 1 










1 





1 


—i 
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i 




^0 


1 


i 


/ 



(B.ll) 
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it follows from eq. (B.9) that: 



M 




(B.12) 



where A4 is the 3x3 neutral Higgs squared-mass matrix in the ipi-(p2-a^ basis obtained 
in eq. (2.24). 

We diagonalize M as described in section 2.4. The corresponding diagonaliza- 
tion of is given by: 



R 








Md 




(B.13) 



where Aio = diag {mf , , m|) and is the mass of the neutral Higgs mass- 
eigenstate /i^. The diagonalizing matrix D is given by: 



V 



R 






/ du 


di2 


"11 


"l2 


\ 


1 


d2i 


d22 


"21 


"22 






d3i 


d32 


"31 


d* 
"32 






\ dii 


di2 


"41 


d* 
"42 


/ 



(B.14) 



where 



f^l2 



C13C12 , 
-si23e 



21 — C13S12 



-1623 



d32 = icise 



dil 
, di2 



d22 = Cl23e 

with the Cij and Sij defined in eq. (2.28) and 

C123 = C12 - isi2Svi , S123 = S12 + icusis ■ 

Note that 2? is a unitary matrix and detP = 1. Unitarity implies that: 

Re {dkid}i + dk2di2) = ^ke , 



0. 



(B.15) 
(B.16) 



(B.17) 

4 4 

^4'2 = 5^4i42 = o. (B.I8) 



k=l 



k=l 



k=l 



k=l 



Noting that d^i = i and ^42 = [and using eq. (B.22)], these equations reduce to 
eqs. (2.36) and (2.37) given in section 2.4. In addition, det V = —idetRW = 1, where 
RW is given in eq. (2.33). This yields an additional constraint on the d^i [c.f. eq. (2.35)]. 

The matrix D converts the neutral Higgs basis fields into the neutral Higgs 
mass-eigenstates: 



/ ^1 \ 

h2 



V 



\ HI J 



(B.19) 
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where = Hf - v/V2. 

The mass-eigenstate fields do not depend on the choice of basis. Using the 
fact that Hi is invariant and H2 is pseudo-invariant with respect to flavor-U(2) trans- 
formations, eq. (B.19) imphes that the dki are invariants whereas the dk2 are pseudo- 
invariants with the same transformation law as H2 [eq. (2.20)]. One can also check 
this directly from eq. (B.13), using the fact that the physical Higgs masses must be 
basis-independent. These results then imply that 9i2 and ^13 are invariant whereas 
e*^^^ is a pseudo-invariant, i.e., e*^^^ — > (det C/)~^e*^^^ under an arbitrary flavor-U(2) 
transformation U. 

Finally, using the results of this appendix, we can eliminate the Higgs basis 
fields entirely and obtain the diagonalizing matrix that converts the neutral Higgs fields 
in the generic basis into the neutral Higgs mass-eigenstates: 



h2 



V 



b _ba 



(B.20) 



where $a = <1>^ — vVa/V^ and U is the matrix that converts the generic basis fields into 
the Higgs basis fields [see eq. (2.10)]. Eq. (B.20) then yields: 



hk 



V2 



(B.21) 



where = . Note that the U(2)-invariance of the imply that the d^i are invariants 
and the dk2 are pseudo-invariants that transform oppositely to w as dk2 — > (det U)dk2 
in agreement with the previous results above. Indeed, it is useful to define: 



dki = Qki 



and 



dk2 



qk2e 



-1023 



(B.22) 



where all the qke are U(2)-invariant [see eq. (2.39)]. In particular, WaC is a proper 
vector with respect to flavor-U(2) transformations. Hence, 



^' = 7=2 



^HqkiVa + qk2Wae *''2=') + {qlivl + ql2wle 



i823 



:-,* J923 



(B.23) 



provides an invariant expression for the neutral Higgs mass-eigenstates. 
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Appendix C 

Explicit formulae for the neutral Higgs 
masses and mixing angles 



To obtain expressions for the neutral Higgs masses and mixing angles, we insert 
eq. (2.47) into eq. (2.2), and expand out the resulting expression, keeping only terms 
that are linear and quadratic in the fields. Using eqs. (2.17) and (2.18), one can express 
the resulting expression in terms of the invariants (Yi, Y2 and .^1,2,3,4) and pseudo- 
invariants (Ya, Zs^ej)- The terms linear in the fields vanish if the potential minimum 
conditions [eq. (2.21)] are satisfied. We then eliminate Yi and I3 from the expressions 
of the quadratic terms. The result is: 

V2 = H+H-{Y2 + ^) + y/i,/ifc|ziRe(g,i)Re((Zfci) + + y2^']Re((Zj2QL) 

+iRe(Z5g,-2%2 e-2*'^^) + Re(g,i)Re(Z6gfc2 e"'"^^) + Re(gfci)Re(Z6g,-2 e-''^^)^ 
= m]j±H+H- + \Y.ml{hkf + \v^Y.'^i'^^i^k. (C.l) 

k j^k 

In eq. (C.l), there is an implicit sum over j,k = 1, . . . , 4 (with /14 = G^), where the C^j 
are given by^ 

C23C12 - C13S12 = si3Re(Z6e-'^2^)-ici3lm(Z5e-2^^23)^ (C.2) 
C23S12 + C13C12 = i(Zi- AVt^')sin2^i3-cos2%Im(Z6e-^^23), (C.3) 



C 



12 



C12S12 



-12 



c?2(Zi-^)-Re(Z5e- 



+ 2si2Ci2lm(Z6 e" 



'12; 



isi3lm(Z5 e~^''^') + ci3Re(Z6 e"''^'] 



(C.4) 



^For convenience we provide linear combinations of C23 and C13, but the explicit forms can be 
obtained by a trivial calculation. 
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However, since §41 = i and 542 = 0, it is clear that there are no terms in 
eq. (C.l) involving G^. Hence, we may restrict the sum to run over j,k = 1,2,3. The 
charged Higgs mass obtained above confirms the result quoted in eq. (2.23). The neutral 
Higgs boson masses are given by: 

ml = \qk2\^A^ + [ql^Zi + Re{qk2) Re(gfc2^5 e"'*'^^) + 2qkiRe{qk2Z^ e'^^^^)] , (C.5) 

where is defined in eq. (2.42). It is often convenient to assume that mi < m2 < m^. 

Note that the right-hand side of eq. (C.5) is manifestly U(2)-invariant. More- 
over, by using eqs. (2.36) and (2.37), one finds that the sum of the three neutral Higgs 
boson squared-masses is given by 

TV M = ^ m| = 2^2 + (^1 + ^3 + , (C.6) 

k 

as expected. A more explicit form for the neutral Higgs squared-masses than the one 
obtained in eq. (C.5) would require the solution of the cubic characteristic equation 
[eq. (2.25)]. Although an analytic solution can be found, it is too complicated to be of 
much use (a numerical evaluation is more practical). 

For the neutral scalar states hi to correspond to physical mass-eigenstates, the 
coefficients Cj^ of eqs. (C.2), (C.3) and (C.4) must vanish. Since Cjk is symmetric under 
the interchange of its indices, the conditions Cjk = yield three independent equations 
that determine the two mixing angles 612 and ^13 and an invariant combination of 623 
and the phase of Zq (or Z5). These three invariant angles are defined modulo vr once 
a definite convention is established for the signs of neutral Higgs mass-eigenstate fields 
(as discussed at the end of section 2.4). Unique solutions for the invariant angles within 
this domain are obtained after a mass ordering for the three neutral Higgs bosons is 
specified (except at certain singular points of the 2HDM parameter space as noted in 
footnote 8). 

To determine explicit formulae for the invariant angles, we shall initially assume 
that Zq = iZgle*^'' 7^ and define the invariant angles cf) and 9^^: 

where J^^-^^^' (C.7) 

The factor of 1/2 in the definition of 9^ has been inserted for convenience. As discussed in 
section 2.4, we can fix the conventions for the overall signs of the fields by restricting 
the domain of ^12, ^13 and (f) to the region: 

-7r/2 < 012, ^13 < vr/2, < vr . (C.8) 

Setting Ci3 = C23 = in eqs. (C.2) and (C.3) yields: 

Im(Z5e-2*^23) 
2Re(Z6e- 



tan^i3 = .^1.; (C.9) 



--^^3 ^ (CIO) 
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Using the well known identity tan 2^13 = 2 tan ^13/(1 — tan^ ^13), one can use eqs. (C.9) 
and (C.IO) to eliminate ^13 and obtain an equation for 0.^ The resulting equation 
for (j) has more than one solution. Plugging a given solution for (j) back into eq. (C.9) 
yields a corresponding solution for ^13. Note that if (6*13 ^ (j)) \s a solution to eqs. (C.9) 
and (C.IO), then so is (—^13, (j) it vr), in agreement with eqs. (2.50) and (2.52). By 
restricting to the domain of ^13 and (p specified by eq. (C.8), only one of these two 
solutions survives. However, multiple solutions to eqs. (C.9) and (C.IO) still exist within 
the allowed domain, which correspond to different choices for the mass ordering of the 
three neutral Higgs fields. By imposing a particular mass ordering, a unique solution is 
selected [see eqs. (C.22) and (C.26)]. 

Finally, having obtained and tan ^13, we use C12 = in eq. (C.4) to compute 
9 12-, with the result 



tan 2^12 



si3 Im(Z5 e 



+ 2ci3 Re(Z6e-*^23) 



cfg {A^/v-^ - Zi) + Re(Z5 6-2^^23) _ 2S13C13 Im(Z6 e" 



1823'] 



(C.ll) 



We can simplify the above result by using eqs. (C.9) and (C.IO) to solve for Im(Z5 e 2*^23^ 
and Im(Z6 e~*^^^) and eliminate these factors from eq. (C.ll). The end result is: 



tan 2^12 



2 cos 2^13 Re(Z6 e 



-16231 



ci3 [0^3(^2/^2 _ Zi) + cos 2^13 Re(Z5 6-2^^*23)] • 



(C.12) 



Note that if 612 is a solution to eq. (C.12), then 612 ± 7r/2 is also a solution. That is, 
eq. (C.12) yields two solutions for 612 in the allowed domain [eq. (C.8)], which correspond 
to the two possible mass orderings of hi and /12 as shown below eq. (C.25). 

The neutral Higgs boson masses were given in eq. (C.5). With the help of 
eqs. (C.9), (C.IO) and (C.12), one can can express these masses in terms of Zi, Z^ and 
the invariant angles: 



ml 



Zi- 
Zi + 



S12 
C12C13 

C12 
S12C13 



Re(Z6 e-*^23) + — Im(Z6 e'^^^^) 

Cl3 

Re(Z6 e-*^23) + ^Im(Z6 6"^^^^) 

Cl3 



(C.13) 
(C.14) 



ml 



Zi - ^Im(Z6e"^^2^) 

Si3 



(C.15) 



For the subsequent analysis, it is useful to invert eqs. (C.13)-(C.15) and solve 
for Zi, Re(Z6e-*^23) and Im(Z6 e-*^23). 



ry 2 222, 222, 22 

ZyV = miCi2Ci3 + m2Si2Ci3 + ^35^3 , 



(C.16) 



Re(Z6e-*^23)^2 



Im(Z6 e 



Cl3Sl2Cl2("T-2 - ml) , 
Sl3Cl3(cf2?"l + Sl2"^2 



ml) 



(C.17) 
(C.18) 



^Recall that the quantity [eq. (2.42)] depends on 4> via Re(Z5 e 



= 1^5 I cos 2(6156 + 0). 
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In addition, eqs. (C.IO) and (C.12) can be used to express Re(Z5 e ^^^) in terms of Zg: 
Re(Z5 e-2*^23) = ^lm{Ze e^'^^') + ^l^lAl Re(Z6 e"^^^^) . (c.l9) 

Sl3 C13S12C12 

Inserting eqs. (C.17) and (C.18) into eqs. (C.9) and (C.19) then yields expressions for 
Im(Z5 e~*^^^) and Re(Z5 e"*^^-*) in terms of the invariant angles and the neutral Higgs 
masses. The above results can be used to derive an expression for 

Iin{Z;zi) = 2Re{Z5e~^'^^'')Re{ZGe-''^^'')lm{ZQe-'^^'') 

-Im(Z5e-2*^23){[Re(Z6e-*^23)]2- [Im(Z6e-^^23)]2| _ (^.20) 

Using eq. (C.9) and eqs. (C.17)-(C.19), one can simplify the right hand side of eq. (C.20) 
to obtain: 

Im(Z5Z|) v*^ = 2S13C13S12C12 {ml - mj){ml - mj){ml - m\) . (C.21) 

Eq. (C.21) was first derived in ref. [88]; it is equivalent to a result initially obtained 
in ref. [98]. In particular, if any two of the neutral Higgs masses are degenerate, then 
lm{Z^ZQ) = 0, in which case one can always find a basis in which the pseudo-invariants 
Z^ and Zq are simultaneously real. The neutral scalar squared-mass matrix [eq. (2.24)] 
then breaks up into a block diagonal form consisting of a 2 x 2 block and a 1 x 1 block. 
The diagonalization of the 2x2 block has a simple analytic form, and the neutral scalar 
mixing can be treated more simply by introducing one invariant mixing angle instead of 
the three needed in the general case. Note that Im(Z^Z|) = is a necessary (although 
not sufficient) requirement for a CP-conserving Higgs sector, as discussed in Chapter 
3.1. For the remainder of this Appendix, we shall assume that the neutral Higgs boson 
masses are non-degenerate. 

In order to facilitate the discussion of the CP-conserving limit and the decou- 
pling limit of the 2HDM (which are treated in Chapter 3.1 and Appendix D, respec- 
tively), it is useful to derive a number of additional relations for the invariant angles. 
First, we employ eqs. (C.13)-(C.15) to eliminate 612 and cp and obtain a single equation 
for Ory. 



{Ziv^ - ml){Ziv^ - ml) + \Z(i\'^v^ 
(m| — m|)(m| — ml) 



Eq. (C.22) determines C13 (in the convention where C13 > 0). The sign of S13 is deter- 
mined from eq. (C.15), which can be rewritten as: 

(Zi -y^ — TTio) tan ^13 ,„ 
sin <P = ^ . C.23 

Since sm(j) > in the angular domain specified by eq. (C.8), it follows that the sign of 
S13 is equal to the sign of the quantity Ziv^ — mi. In particular, if mi is the largest 



eigenvalue of M [eq. (2.24)], then it must be greater than the largest diagonal element 

4 



of M. That is, Ziv"^ — mi < if 7713 > mi 2, in which case S13 < 0. 
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However, eq. (C.23) does not fix the sign of cos (p. To determine this sign, we 
can use eq. (C.9) to eliminate ^13 from eq. (C.23). Consequently, one obtains a single 
equation for (j): 

lm{Z*,Zl) 



tan 2(p = ^ ^ °; 14 2 • (C.24) 

Re(Z5*Z|) + 



m| — Ziv'^ 

Given sin</) > and tan2(/) in the region < (/> < vr, one can uniquely determine the 
value of (j) (and hence the sign of coscf)). Thus, for a fixed ordering of the neutral 
Higgs masses, eqs. (C.22)-(C.24) provide a unique solution for (0i3,(^) in the domain 
-vr/2 < On < 7r/2 and < vr. 

Next, we note that eq. (C.17) can be rewritten as: 



2\Zq\v'^ cos ( 
ci3(m^ - mf) 



sm26'i2 = — — 2 — Zj2\ ■ (C.25) 



As advertised below eq. (C.12), the mass ordering of mi and 7712 fixes the sign of sin 2^12. 
In particular, in the angular domain of eq. (C.8), m2 > mi implies that si2Cos(j) > 0. 
The sign of S12 is then fixed after using eq. (C.21) to infer that sin 2^56 cos </> > for 
m3 > m2 > mi. 

An alternative expression for 612 can be obtained by combining eqs. (C.16) 
and (C.22): which yields: 



Ci3'5i2 — / 2^'^_2\^™2 ZriT ' • (C.26) 



{Ziv'^ -ml){ml-Ziv^) - \Z q\\^ 
{m'2 — m\){m'i^ — m'2) 



Note the similarity of the expressions given by eqs. (C.22) and (C.26); both these results 
play an important role in determining the conditions that govern the decoupling limit. 

A simpler form for tan^ ^13 can also be obtained by combining eqs. (C.IO) and 

(C.23): 

tan^gi3= "f'f, . (C.27) 

Finally, one can derive an expression for m^ — ""ig, after eliminating Im(Z6e~*^^^) in 
favor of Re(Z5e-2'^23) ygi^g (C.19): 



7712 - 7713 = — 
^13 



2 



Re{Z,e-^^'^^) + ^i:^ili^^l2^Re(Z6e-''^^^) 
S12C12 



(C.28) 



The expressions for the differences of squared-masses [eqs. (C.25) and (C.28)] take on 
rather simple forms in the CP-conserving limit. 

In this discussion we have assumed that / 0. The Zq = case is treated 
separately in section 3.2. 
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Appendix D 

The Decoupling Limit of the 2HDM 



One can consider the case in which all but one Higgs have masses at some high 
scale A. The effective low energy theory is a one-Higgs-doublet model that corresponds 
to the Higgs sector of the Standard Model; the heavier scalar particles are therefore 
"decoupled" from the low energy theory [59, 65]. The light neutral (SM-like) Higgs has 
a mass of order the electroweak scale: mi ~ v. This decoupling limit corresponds to 
Y2 ^ v'^ and \Zi\ < 0{1) y i. In the first section of this chapter, I present the basis- 
independent description of the 2HDM that was derived in [66]. Section D.2 describes 
the impact of CP-violation on the effective dimension-6 operators in the decoupling 
limit of the 2HDM. 

D.l The Decoupling Condition in the Basis-Independent 
Formahsm 

We shall order the neutral scalar masses according to mi < m2,3 and define 
the invariant Higgs mixing angles accordingly. Thus, we expect one light CP-even Higgs 
boson, hi, with couplings identical (up to small corrections) to those of the Standard 
Model (SM) Higgs boson. Using the fact that mf, \Zi\v^ <C m^, 771,3, "^ff± ^'^^ 
decoupling limit, eqs. (C.14) and (C.15) yield: 



and eq. (C.24) imples that tan 20 -|- tan 2^56 ^ 1, where ^se = 2 argZs — argZg. This 
latter inequality is equivalent to: 



\ml) 

Note that eq. (D.2) is also satisfied if ^23 ^23 + vr/2. These two respective solutions 
(modulo tt) correspond to the two possible mass orderings of /12 and hj,. 





(D.l) 




(D.2) 
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One can explicitly verify the assumed mass hierarchy of the Higgs bosons in 
the decoupling limit. Using eqs. (C.13) and (D.l), it follows that ml = Z\v^ ^ with 
corrections < Oiv"^ jirt^.^. Eq. (C.27) yields rrig = A^, with corrections < Oiv^)^ 
and eq. (C.28) yields m\ - m\ < Oiv^). Finally, eqs. (2.23) and (2.42) imply that 
— m| < 0(v^\ That is, m\ <^ m2 — m-^ ~ mu±. 

The values of the qki in the exact decoupling limit, where 

si2 = si3 = Im(Z5 ) = , (D.3) 

are tabulated in Table D.l. 

Table D.l: The U(2)-invariant quantities q^n in the exact decoupling limit. 



k 


Qki 


qk2 


1 


1 





2 





1 


3 





i 


4 


i 






It is a simple exercise to insert the values of the q^e in the exact decoupling limit into 
the Higgs couplings of sections 2.5 and 2.6. The couplings of hi = h are then given by: 



V 2cy/ J 

/.^+{(f^^^;-^^^^;)G-/.+h.c.} 



9^W^W^- + ^Z,Z^^ 



-ha 



h + h.c.l + -^Z^G^al h + -DMoDh + -UMuUh . (DA) 
^ J 2cw V V 



This is precisely the SM Higgs Lagrangian. Even in the most general CP-violating 
2HDM, the interactions of the h in the decoupling limit are CP-conserving and diag- 
onal in quark flavor space. CP-violating and flavor non-diagonal effects in the Higgs 
interactions are suppressed by factors of 0(^^/771,23). In contrast to the SM-like Higgs 
boson h, the interactions of the heavy neutral Higgs bosons (/i2 and /13) and the charged 
Higgs bosons {H^) exhibit both CP-violating and quark flavor non-diagonal couplings 
(proportional to the p'^) in the decoupling limit. In particular, whereas eq. (D.2) im- 
plies that sin 2(^5 — ^23) ^ Ij the CP-violating invariant quantities sin(^e — ^23) and 
sin(07 — ^23) [c./. eq. (3.2)] need not be small in the most general 2HDM. 

One can understand the origin of the decoupling conditions [eqs. (D.l) and 
(D.2)] as follows. First, using eq. (C.5), we see that we can decouple /12 and (and 
H^) by taking 3> v"^ while sending qi2 — > 0. Thus, in the convention in which the 
mass ordering of the three neutral Higgs states is mi < 7712 < ma, it follows that the 
exact decoupling limit is formally achieved when — > 00 and |(7i2p = S12 + cf2Si3 = 0, 
which implies that S12 = sis = 0. Inserting these results into eq. (2.44) yields R = I, 
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where I is the 3x3 identity matrix. Consequently, M [see eqs. (2.41)~(2.43)] must be 
diagonal up to corrections of 0{v'^ / A^). However, because eq. (2.41) is dominated in 
the decoupling limit by its 22 and 33 elements (which are approximately degenerate), 
it follows that the 23 element must vanish exactly in leading order. Thus, in the exact 
decoupling limit, lm.{Z^ £-21623^ — q_ Note that this latter constraint is consistent with 
eq. (C.9), as ^13 = in the decoupling limit. 

For further details and a more comprehensive treatment of the decoupling 
limit, see ref. [59]. 



D.2 Dimension 6 Operators in the Decoupling Limit 

One can consider the case in which all but one Higgs have masses at some high 
scale A. The light neutral (SM-like) Higgs has a mass of order the electroweak scale: 
mi ~ v. In this limit, 

S12 ~ Si3 ~ ^ ( 

C12 ~ ci3 ~ 1, (D.5) 

as discussed in [66]. In this scenario one can imagine that one has integrated out the 
higher mass fields, leaving the Standard Model as the effective low-energy theory. In 
a linear model of electroweak symmetry breaking, deviations from the Standard Model 
can be realized in two dimension 6 operators of the effective Lagrangian: 



Ceff = CsM + ^{S Os + TOt), 



where S and T are of order 0{^).^ The parameter U, which corresponds to a dimen- 

4 

sion 8 operator and is of order O(^), will be negligible here [53]. Thus, in a decoupling 
scenario, contributions to 5 and T from an extended Higgs sector are constrained by re- 
quiring that they not spoil the rough agreement with the Standard Model demonstrated 
in equations (4.21) - (4.22). Using a notation similar to that of Grojean et al. [54], one 
can define the operators as: 

a 

Os = -, OwB, OT = -2aOh, (D.6) 

4:SWCW 

where 

OwB = Oh = \<^^Df,^\^. (D.7) 

The covariant derivative is given by = S^ — ^a'^W'l^ — ig'YB^, and the field strengths 
by W^, = 5^,W^ - 5uW^ + geabcW^^W^ and B^, = 6^,B, - 6,B^. Owb and Oh are 



^If the new physics involves additional vectors, such as gauge bosons, two additional parameters {Y 
and W) associated with dimension 6 operators are added to the effective Lagrangian — see ref. [f4]. 
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(3) 

related to two well-known CP-conserving operators {OwB and ) from the work of 
Buchmiiller and Wyler [23]. 

Before calculating S and T in this limit, it is useful to derive relations between 
the scalar masses. This is done in Appendix B, with the results 



ml 
ml 
m]j± 



A2 + i[Re(Z5e- 



-216*23 \„2 



-21623 ^ 



(D. 



These relations allow S to be expanded in the decoupling limit in powers of 

Now one can calculate S in the decoupling limit. It is convenient to set the 
reference point m^ equal to mi. Thus, one can write the general expression for 5 as 
follows: 

S = -^^\q3i[B22{mz;ml,ml) + B22{mz;ml,ml) - mzBoimz'^'nT'Z^^l)] 

+^21 [^22(?ra|;m|,m^) + B22{ml;mj,ml) - m\BQ{m\;m\,ml^\ 
-(di + 931) [^22(?w|; ml, ml)- m\BQ{m\\ m\,m\)\ 

+qiiB22{mz;rnl,ml) - -S22(m|; m|-±, m^±)| , 



(D. 



where the identity Ylk=i ^ki ~ ^ been used. In the decoupling limit, §31 ~ 521 



O and gii ~ 1; so 5 becomes 

1 



S 



Trmr 



•3/ 2 2 2\ 

B22{mz;mz,m3) 



Y<^22{'mz]m2,m^) - B22{mz]mjj±,mjj±) + O 

i»/'2 2 2\ 2i3/2 2 2^|^3/2 2 2\ , to /■ 2 2 2\ 

+B22{mz;mi,m2) - mzBo{mz;mz,m^) + B22{mz;mz,m2) i522("i^; m^, mg) 
-mlBo{ml-m%, ml) + B22{m%; m\,ml) - m%Bo{ml-m%, mj)] \ . (D.IO) 



a 
T 



The expression above can be evaluated with equations (D.8) and the following rules, 

2 

where the order parameter y is defined by y = and a is order 1: 

^2 r 

522(m|;A2 + a^;^A2) 
B22{ml-k^ + av\K^ + av^) = /^-l^K^ - ay + i^'-^y + 0{y^) 

B22{ml-A^ + av^,v'^) 
mlBo{ml;m%,A' + av^) 



m| 


A 


12 








m| 


A 


12 








m| 


A 


12 





A - In A^ - ay 

--InA^ + C 
6 



10 u2 
1 m? 
10^ 



y2/ + 0(2/') 



(D.ll) 
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Thus one finds that S 



,2 



^{^-'^)y + m%0 {yHny) 



y hiy ^ y for y ^ 1, the result may be written 

1 m| + 777-2 - 2?n.^± 



247r ml 



Since 



(D.12) 



Hence, the limits on S given in equations (4.21) - (4.22) constrain the splitting between 
the neutral heavy Higgs massses and the charged Higgs mass to be small. This is 
equivalent to constraining differences of the scalar couplings, as one can see from using 
eq. (D.8) to rewrite eq. (D.12): 

S^-^^. (D.13) 

247r 77l2 ^ ^ 

One can evaluate T in a similar manner, using the expansion 

F{A^ + av^A' + bv^)^AV^^^^- (D.14) 

6 

The expression for T in eq. (4.13) can be written 

^ = TZ — I —\\Q22\'^F{mj^±,ml) + \q32\^F{mjj±,ml)-qf^F{rnl,ml) 

+{Q31 + di) [F{mH±,ml) - F{w?w,ml) + F{m%, mj) + 4777^5o(0; 777^, mj) 

-4777|So(0; 777|, 777?)] + q^^ [F (777^1,, 777^) - F(777?, 777^) - F(777|, 777|) 

-4777^ Bo(0; my^,ml) + Am\BQ{{); m%, ml)] 
+121 [Fi^w: T^l) - F{ml, ml) - F{m%,ml) 

-4777^Bo(0; 777^,777^) + 4777|So(0; 777|,r77^)]|. (D.15) 

Noting that |(722p ~ 1 9321^ ~ Qii ~ 1, T can be expanded in the decoupling limit as 

^ = ^a 2 2 [^("^H± ' r772)+F(7772,± , 777^) -F(7772, ml)+ql^O{v^ lu y)+qliO{v^ In y)] . 

(D.16) 

As in the previous calculation, the answer contains terms of 0{y) and terms of 0{y^ Iny). 
Neglecting the latter, and using eq. (D.14), one obtains the following: 

J. ^ {mj^± - ml){mj^± - ml) 
A&Tis^m^ml 

or 

[Z4-Re(Z5e-^^^^3)] [Z, + Ke{Z,e-^^^-^)]v^ 
im^sl,ml,ml 

As a check on this calculation, one can use eqs. (D.12) and (D.17) to calcu- 
late the effect of the MSSM Higgs sector on S and T in the decoupling limit. In the 
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supersymmetric limit CP is conserved, so 7712 becomes mjjo and becomes m^o. The 
MSSM mass relations can be approximated in the decoupling limit by the following: 



m]jo = m\o+m%sm'^2(3 + 0{v^/m\o). (D.19) 
Substituting eq. (D.19) into (D.12) and (D.17) gives 

m|(sin2 2/?-2c2^,) 



S{MSSM - Higgs) 



247rm^o 



7n|(c^ -sin^ 2/3) 

which agree with the results in [64]. 



T{MSSM -Higgs) ^ ^ ^ "^ (D.20) 



D.3 The Lack of CP- Violating Effects in Dimension 6 Op- 
erators 

One notes that despite allowing for the physical Higgs fields to be mixings 
of CP-eigenstates, no new phenomena related to CP-violation have emerged in this 
calculation. In fact, although there exist CP-violating operators of dimension 6, the 
following discussion will show that they do not contribute to S or T . 

The CP-violating dimension 6 operators, as listed in ref. [23], are: 

O^^ = {^'^^)G^^^G%, (D.21) 
O^^ = ($t$)Ty»M-H^;^, (D.22) 
O^j, = ($t$)^^'^i?^,, (D.23) 
= ('^V'^^,)l^«/^-i?^^, (D.24) 

where V^''' = le^^P^Vp^. 

The operators in equations (D.21) - (D.23) cannot contribute to T [see 
eq. (4.2)]; there is no CP-violating equivalent of Oh. However, one might ask whether the 
operator O-^y^, which is the CP-violating analogue of Owe, contributes to S. Starting 
with eq. (D.24), one obtains the following: 

Owe = ^(^V'^c^,)e/^'^P-T^;^i?^, 

= ^{<i>^a-<^>)e''''P''i6pW^ - 5^W^ + geabcW'^W^){5^B, - 6,B,,). (D.25) 

After some manipulation of indices and replacing <1> with ( 2 ) ' finds that the 
contribution to iJI^^^(q^) would be —iv'^e'^'^'^^qpga- As this has no part proportional to 
g^'^q^ , one concludes that the operator Oy^^ makes no contribution to S [see equations 
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(4.1) and (4.4)]. Other CP-violating operators (of higher dimension) are suggested 
in [93] and [8]. However, in the decouphng scenario, operators above dimension 6 

2 

are suppressed by powers of [53], and thus will not produce measurable effects on 
oblique corrections. 
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Appendix E 

Derivation of Basis-Independent 
Conditions for CP-invariance of Scalar 
Potential 



In this section we derive the conditions for an exphcitly CP-conserving scalar 
potential. Let us start by applying a CP-transformation of the scalar potential in 
eq. (2.2), i.e. CV V CV~^ . Beginning with the quadratic (Y^i) term and using the 
definition in eq. (3.10), we note that 

CV CV-^ = {vlvl ± e^'^^^wlwl){vbVd ± e-'''^^^WbWd)^1^*i . (E.l) 

Using <l>^$j = ^\^c, the first term in eq. (2.2) becomes 

CV Vquad CV~^ = Y^i{vlvlvbVd + wlwlmwd ± e^''^'^'^ wlwlvhV d 

= (n + Y2± e2^^23 Y^vdwl ± e-^''^' Y^Wdvl ^\^c • (E.2) 

Applying eq. (2.11), and using the orthogonality relation VaW^, — Oi this becomes 

CV Vquad CV-' = Yi + Y2± e-^''^'Y3Vc^Wdw}HlH, ± e^''^W*VcV*,Wdw}HlH2 

= Yi + Y2±ie-^'^^W3HlHi + h.c.). (E.3) 

Now requiring the Lagrangian to be invariant under CP, ie CV Vquad CV^^ = Vquad, 
yields the following condition: 

Yi+Y2± (e-^'^^'YsHlHi + h.c.) =Yi + Y2 + {Y3HIH2 + h.c.) , (E.4) 

or 

g-»e23yg ^ ±^3*6*^23 , (E.5) 

The analogous calculation for the quartic term in eq. (2.2) yields similar conditions for 
^66-^^23 and Z7e-*^23. 
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Meanwhile, for the Z5 part of the potential, the relevant term after doing a CP- 
transformation appears as 



e-^'^^^-'Z^iHlHif + h.c. 



which leads to the condition 



(E.7) 
(E.8) 



One can now calculate, for example. 



ZqZ^ 

zuzl + z^) 



-416*23^7*2 4ie23 



= -ziz, 

*2 4*623 ^ 



(^^g-4*«23)(^«g4«f.23 + ^*^e4*y23) = ^^^^f + Z 



(E.9) 



using eq. (E.6) and eq. (E.8). Thus, we replicate the CP conservation conditions of 
eq. (3.1). 



E.l Calculation of S, T and U 

The one-loop corrections to the gauge boson propagators contain 3- and 4- 
point interactions between gauge bosons and the Higgs bosons of the 2HDM, the form of 
which can be read off from eqs. (2.65) - (2.66). The resulting Feynman rules in t'Hooft- 
Feynman gauge are shown in Table E.l. To simplify the Feynman rules, we have made 
use of eqs. (2.36) and (2.38). The 2HDM contributions to S are shown in Tables E.2 and 
E.2; Contributions to T and S+U are displayed in Tables E.4, E.5 and E.6, respectively. 
The reference Standard Model contributions, which are subtracted out from the 2HDM 
contributions, are shown in Table E.7. The integrals are evaluated as in ref. [85]: 

/ (B - mlmLt)' - ml) = J^B„('/:mlml), (E.ll) 

/(0(t^ = I<^-'»<"''- '^-i'^* 
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The contributions to S from the diagrams in Table E.2 and Table E.7 are compiled 
according to eq. (4.5) and eq. (4.6), with the following result: 

2 

= F,,irn,)-F^^irn,)-—-F,^irn,) 



pSM(2 N , T^SM(2 N , (^2W j^SM(^2 \ 

' ' swcw 



-'m%qliBo{ml;m%, ml) + m%Bo{m%; ?n|, m^) 
+,?,^22(m|; mlml) + ql,B22im%; ml mj) 
+q1^B22iml;mj,ml) - B22{ml;mjj±,mjj±)] . (E.13) 

The parameter T can be calculated in a similar manner, using the following relations 
provided in ref. [64]: 

4^22(0; ml,ml) = F(m?, m^) + Ao{ml) + Aoim^) , (E.14) 

R m- _ ^o(mf) - Ao(mi) 

-Do(U,m^,m2) — 2 2 ' (E.i5j 

m| — m2 

with i^(m?, TTio) = ^(jTi? + ?7T'2) ^ In f— as before. Adding the contributions 

to T from all the diagrams shown in Tables E.4, E.5 and E.7 yields 



aT 



^2 



= ig^^^2 |kfc2|^^22(0;?Tt^±,mfc) - ^22(0; m?,m|) - 911^22(0; mg, m|) 

-931-^22(0; mi, ml) - ^Ao("i^±) + 9ii[-B22(0; m^, m|) - ^22(0; m|, m^)] 
-B22{0;mw,ml) - g|i[m^So(0; m^, m|.) - m|So(0; m|, m^)] 

+^22(0; m|, m^ ) + m^So(0; m^, m^) - m|So(0; ml,ml)^. (E.16) 

„2^2 

This can be simplified using eq. (E.14) and a = : 

T = — — \-^{\qk2\'^F{m]j±,ml) - ql^F{ml,ml) - g^iF(m|,m|) - g|iF(m?,m|) 
iovrm^s^y 

-F(mvi/,m^) + g|i[F(m^,m^) - F{m\,ml)] + F{m\,ml) 
-4gii[m^5o(0;m^,m|) - m^ Bo{0; m^ , ml)] 

+4m^So(0;m^,m^) - 4m|5o(0; m|, 7^2)} . (E.17) 
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Lastly, adding all of the contributions to S + U m Tables E.6 and E.7 gives the following: 

^2 



g 

levr 



{S + U) 



or 



S + U 



sw 

^2 

,2 2 t2 .2 2\ , 2 



5 

167r2 



m 



W 



-B22{rnl,-,rn'^,rnl)+qlB22{rnl.;ml^,rnl) 
+\<lk2\'B22{rnl.;rnl,,ml)-2B22{rn'^-,rnj,,,mj,,) 



(E.18) 



Trm 



W 



-B22{ml.;ml.,ml) + ,^^22(^2,; rn^,, ml) 
+ \qk2?'B22{m^\m]j±,ml) - 2B22{rn^^-,mjj±,mjj±) 



(E.19) 
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Table E.l: Feynman rules used in the calculation of the oblique parameters. 



hi 





2 y 



2 y 



+ 

^AA/<■ 



+ 



iqumwg g 



-iqi2^{p2 + Pi) 



-iqiiUP2 + PiT 



-iUp2+PiT 



,H+,G+ 



igswiP2 +Pi] 




imwg 






hi 

^hi 
H+ 

hi 



^Re(|9,iP + k.2p)9'^'' 



mimzg 9 



Z^ 



z^ 



,h2,hi 



lTa{q32ql2)2E^{P2+PlT 

q2l2^{p2+PlY 



1111(922932) (P2 + Pi)'' 



2cw 

= -9ll2^(P2 +P1)'' 



1111(912922) 2^7^+ Pi)'' 



2cw 

=93l2^(P2+Pl) 

h2,h3 



> - („2 _ 2 \_ig_ 



{P2+Pl) 



-H+ 




tmzg g 



Zi" 



■2^(^'2+R) 
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Table E.2: Diagrams representing the 2HDM contributions to S, part 1. 



Contributions to n|^(?7i^) 



hi {i = 1,2,3) 



Z 



z 



^AAAAAAy 



qf^Bo{ml;ml,mp 



h4 (i= 1,2,3) 
Z /'''*\ Z 



V /is / 



/l2 



N Z 

rw 



/13 



Z 

rw 



z /"""n z 

y/\A rw 



qiiB22{ml;ml,m}) 



16 



^921^22(^1; mf, ml) 



^^giiS22(rn|;m|,m|) 



167r2c^ 



16 



573-93i^22(m|;mf,m^ 



16 



Table E.3: Diagrams representing the 2HDM contributions to S, part 2. 



Contributions to I&^{m\) and n|^(m|) 



rw 



Z /"^"n 7 

rw 



2 
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Table E.4: Diagrams representing the 2HDM contributions to T, part 1. 



Contributions to A^/^{0) 



hj^{i = 1,2,3) 
}H{i = 1,2,3) 



rw 

/13 



^ki2p-B22(0;m2^±,mf) 



16 



16 



^1^221-822(0; m|^±,m2) 



)^^ = Ti^k32pi?22(0;m2^±,m; 
K = 1,2,3) 



-Iil^^oK) 



H+ 



^vxaaaa/^ 
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Table E.5: Diagrams representing the 2HDM contributions to T, part 2. 

Contributions to A^f^zi^) 



h^ (i = l,2,3) 
Z 

(« = 1,2,3) 

Z Z = ^;^qlB22{0;m%,ml 

vA/1 r\A/ 



hi 



Z Z = , q^^B22{0;ml,ml 

vA/1 rv\y ^ 

' ^3 ^ ' 



^2 



/li (i = l,2,3) 

1 2 IQtt'^c- 



Z s - z 



Z s - z 



H+ 

^ ' ' ^ = Y6^;^c^iy -822(0; m^±,m^±; 
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Table E.6: Diagrams representing the 2HDM contributions to S + U. 
Contributions to Il^/^;{m^,) 



= 1,2,3) 



W+ ; \ W+ - 9 "^w „2 Q f 2 2 2 



fh (i = 1,2,3) 

/" — g^. ^2 D |'™2 .^2 ^2\ 

pjK^ - i6;;^9ii-'^22l"iH/,"ZH/,mj 



/li (i = 1,2,3) 

I \ W+ _ J rr , |2p , ,^^2 .^2 ™2^ 



u 

vA/1 r\Ay 



4t6^*w/^22("i^; , m^±) 



.^J\f^ r\/\y 167r^ci4/ W ' iJ3_) 
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Table E.7: Standard Model contributions to the oblique parameters. 



Contributions to ^wwi'^w) ^zfi'^z) 


■\/\/\J\J\J\f\j le^r^ t^Q\jn^,my^,m^) 

W+ 


t 

W+ /'""^ 
x/\A 




Z ' 

'V\Aa/ 


^y^y^ leTT^cf^. Z) 1/ 


z 






f\J\j ISt^c^v ^ ^' ^' ^' 


Contributions to A!^*^(0) and (0) 




1 


'rvC =Tl^^22(0;m2^,m?) 


Z ' 


= 7#?4-So(0;m2 m?) 


z 




vA/1 


=T6A^^22(0;m|,m2) 

/ 
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Appendix F 

Derivation of Tree-Level Unitarity 
Limits 



In section 1.1.4.2, constraints from perturbative unitarity in the Standard 
Model were reviewed. In particular, an upper bound for the SM Higgs boson mass 
m/i were derived from the scattering of W~^W~ — > W~^W~ . One can use a similar 
argument to put upper bounds on the magnitudes of the Zj parameters in the CP- 
violating 2HDM. The implications of unitarity for the 2HDM has been studied in the 
context of scattering of gauge bosons and the physical scalars [4, 47, 74, 82, 83, 118]. 
By putting an upper limit ^ on the amplitude for a process (pA^B — > ^C^D-, one can 
quantify the constraints from perturbative unitarity as follows: 

^ < e. (F.i) 

lovr 

Here the parameter £^ will be taken to be ^, as in section 1.1.4.2. We will only 
consider tree-level scattering here, so only quartic couplings will be involved, namely 
W+W'W^W-, W+W-H+H-, {H+e'^^--'){H+e^^^^)W-W- +h.c., Z^Z^Z^h^, 
G^hmG- {H+ e'^^^) +h.c., Z^Z^H+R-, and Z^ Z^W- {H+ e^^^^). 

The equivalence theorem (see section 1.1.2) allows one to equate a high en- 
ergy scattering amplitude involving gauge bosons to the analogous amplitude involving 
Goldstone bosons^, by making the replacements — > G^, Z^ — > . Thus, one can 
translate limits on the gauge boson/Higgs couplings into limits on the Goldstone/Higgs 
couplings. The resulting constraints on Zi, Z3, Z3-I-Z4, Re(Z5e~^*^23), and Re(Z6e~*^2^) 
can be read off directly from V4 [eq. (2.60)], as shown in Table F.I. 

The CP-violating parameters Im(Z5e~^*^^^) and lm.{ZQe~^^^'-^) appear in a more 
convoluted form in the quartic scalar potential. From the interaction 

^Im{qm2Zee-''^^')G''G''G'>h^, (F.2) 

^up to a sign, which will not be important here 
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Table F.l: Calculation of tree-level unitarity limits on the CP-conserving quartic cou- 
plings. Combinatoric factors are included to take into account identical particles. 



Relevant Term in Scalar Potential 


Amplitude 


Unitarity bound 


^ZiG+G-G+G- 
\Z^G^G^H+H^ 
{Z3 + Z4)G+G-H+H- 
^Z5e-^'^''■■^H+H+e^'^'^■^G-G- +h.c. 


ihih^s) ■ 2 

^ReiZ.e-^^'^^) ■ 4 
^Re(Z6e-^^23).4 


\Zi\ < 4tt 

IZ3I < Svr 
IZ3 + Z4I < Svr 
|Re(Z5e-2*^23)| < 2tt 
|Re(Z6e-*''23)| < 27r 



and Table 2.1, one can write Feynman rules for m = 1,2: 

i(-.si2lm[Z6e-^^23] _ ci2Si3MZ6e-''^']) ■ 3! , 



9 GO GO GO hi 
9G0G0G0h2 



i(ci2lm[Z6e-^^2«] - si2Si3Re[Z6e-^^2«]) • 3! 



(F.3) 



Unitarity requires l^c^G^Chml ^ convenient to combine the two limits in 

quadrature to isolate lm{Zee~^^^'-^): 



Im[Z6e-'^23 



9G0G0G0hi\ + bcGOGO/ial < 647r 
^ " 'Re[Z6e~*^^=' 



+ 4 



2 647r2 

< 



9 



(F.4) 



Since 5^3 [Re(Z6e *^23^j jg pgg^j g^j^^j non-negative, it must be true that |Im(Zee *^23^| ^ 
Similarly, one can use the term 



liG%mA G-H+e'^^^ 



-22^23 



+ h.c.|. 



(F.5) 



with m = 1,2 to derive the following: 

-ci2Si3^4 - si2lm(Z5e-2'^=3) - ci2Si3Re(Z5e-2'''^^^ 



9G0G-(H+e^'>23)hi 



9G0G-(H+e^023)h, = -512^13^4 + ci2lm(Z5e-^*'^23)-si2Si3Re(Z5e-'*''^^). (F.6) 
Adding in quadrature and applying the unitarity bound gives, after some simplification: 



■5l3 



Z4 + Re(Z5e-2^^23) + Im(Z5e-2*^23) 
One can conclude that \lui{Z^e^'^^^^^)\ < Svr. 



< 647r^ 



(F.7) 



102 



Bibliography 



[1] Kenji Abe et al. A High-Precision Measurement of the Left-Right Z Boson Cross- 
Section Asymmetry. Phys. Rev. Lett, 84:5945-5949, 2000. 

[2] Koya Abe et al. An Improved Direct Measurement of Leptonic Couphng Asym- 
metries with Polarized Z Bosons. Phys. Rev. Lett., 86:1162-1166, 2001. 

[3] U. Aghetti et al. Tevatron for LHC report: Higgs [hep-ph/0612172]. 2006. 

[4] Andrew G. Akeroyd, Abdesslam Arhrib, and El-Mokhtar Naimi. Note on Tree- 
level Unitarity in the General Two Higgs Doublet Model. Phys. Lett., B490:119- 
124, 2000. 

[5] Guido Altarelli and G. Isidori. Lower limit on the Higgs mass in the standard 
model: An Update. Phys. Lett, B337: 141-144, 1994. 

[6] C. Amsler and others [Particle Data Group]. Review of Particle Physics. Phys. 
Lett, B667:l, 2008. 

[7] Greg W. Anderson. New Cosmological Constraints on the Higgs Boson and Top 
Quark Masses. Phys. Lett, B243:265-270, 1990. 

[8] Thomas Appelquist and Guo-Hong Wu. The Electroweak Chiral Lagrangian and 
New Precision Measurements. Phys. Rev., D48:3235-3241, 1993. 

[9] Peter Arnold and Stamatis Vokos. Instability of Hot Electroweak Theory: Bounds 
on m(H) and M(t). Phys. Rev., D44:3620-3627, 1991. 

[10] K. A. Assamagan et al. The Higgs Working Group: Summary Report 2003 [hep- 
ph/0406152]. 2004. 

[11] David Atwood, Laura Reina, and Amarjit Soni. Phenomenology of Two Higgs 
Doublet Models with Flavor Changing Neutral Currents. Phys. Rev., D55:3156- 
3176, 1997. 

[12] Jonathan Bagger and Carl Schmidt. Equivalence Theorem Redux. Phys. Rev., 
D41:264, 1990. 



103 



[13] R. Barate et al. Search for the Standard Model Higgs Boson at LEP. Phys. Lett., 
B565:61-75, 2003. 



[14] Riccardo Barbieri, Alex Pomarol, Riccardo Rattazzi, and Alessandro Strumia. 
Electroweak Symmetry Breaking after LEP-1 and LEP-2. Nucl. Phys., B703:127- 
146, 2004. 

[15] Vernon D. Barger, Tao Han, and J. Jiang. Tan beta Determination from Heavy 
Higgs Boson Production at Linear Colliders. Phys. Rev., D63:075002, 2001. 

[16] J. Bernabeu, G. C. Branco, and M. Gronau. CP Restrictions on Quark Mass 
Matrices. Phys. Lett, B169:243-247, 1986. 

[17] D.S. Bernstein. Matrix Mathematics. Princeton University Press, Princeton, NJ, 
2005. 

[18] Thomas Binoth and Adrian Ghinculov. New Developments in the 1/N Expansion 
and Nonperturbative Higgs Physics. Nucl. Phys., B550:77-98, 1999. 

[19] E. Boos et al. Polarisation in Sfermion Ddecays: Determining tan(beta) and 
Trihnear Couphngs. Eur. Phys. J., C30:395-407, 2003. 

[20] F. J. Botella and Joao P. Silva. Jarlskog - like Invariants for Theories with Scalars 
and Fermions. Phys. Rev., D51:3870-3875, 1995. 

[21] Vincenzo Branchina and Hugo Faivre. Effective Potential (In)stability and Lower 
Bounds on the Scalar (Higgs) Mass. Phys. Rev., D72:065017, 2005. 

[22] Vincenzo Branchina, Hugo Faivre, and Vincent Pangon. Effective potential and 
vacuum stability. J. Phys., G36:015006, 2009. 

[23] W. Buchmuller and D. Wyler. Effective Lagrangian Analysis of New Interactions 
and Flavor Conservation. Nucl. Phys., B268:621, 1986. 

[24] N. Cabibbo, L. Maiani, G. Parisi, and R. Petronzio. Bounds on the Fermions and 
Higgs Boson Masses in Grand Unified Theories. Nucl. Phys., B158:295-305, 1979. 

[25] Marcela S. Carena, David Garcia, Ulrich Nierste, and Carlos E. M. Wagner, b — > 
s Gamma and Supersymmetry with Large tan(beta). Phys. Lett., B499: 141-146, 
2001. 

[26] Marcela S. Carena and Howard E. Haber. Higgs Boson Theory and Phenomenol- 
ogy. ((V)). Prog. Part. Nucl. Phys., 50:63-152, 2003. 

[27] Marcela S. Carena, M. Olechowski, S. Pokorski, and C. E. M. Wagner. Elec- 
troweak Symmetry Breaking and Bottom - Top Yukawa Unification. Nucl. Phys., 
B426:269-300, 1994. 



104 



[28] J. A. Casas, J. R. Espinosa, and M. Quiros. Improved Higgs Mass Stability 
Bound in the Standard Model and implications for super symmetry. Phys. Lett., 
B342:171-179, 1995. 

[29] D. Chang, W. S. Hou, and W. Y. Keung. Two Loop Contributions of Flavor 
Changing Neutral Higgs Bosons to mu — > e gamma. Phys. Rev., D48:217-224, 
1993. 

[30] Michael S. Chanowitz and Mary K. Gaillard. The TeV Physics of Strongly Inter- 
acting W's and Z's. Nucl. Phys., B261:379, 1985. 

[31] S. Y. Choi and others. Determining tan(beta) in tau tau Fusion to SUSY Higgs 
Bosons at a Photon Collider. Phys. Lett, B606: 164-172, 2005. 

[32] J. A. Coarasa, Ricardo A. Jimenez, and Joan Sola. Strong Effects on the Hadronic 
Widths of the Neutral Higgs Bosons in the MSSM. Phys. Lett, B389:312~320, 
1996. 

[33] John M. Cornwall, David N. Levin, and George Tiktopoulos. Derivation of Gauge 
Invariance from High-Energy Unitarity Bounds on the s Matrix. Phys. Rev., 
D10:1145, 1974. 

[34] Sacha Davidson and Howard E. Haber. Basis-Independent Methods for the Two- 
Higgs-Doublet Model. Phys. Rev., D72:035004, 2005. 

[35] Nilendra G. Deshpande and Ernest Ma. Pattern of Symmetry Breaking with Two 
Higgs Doublets. Phys. Rev., D18:2574, 1978. 

[36] M. A. Doncheski, Stephen Godfrey, and Shou-hua Zhu. Measurement of tan(beta) 
in Associated t H-|— Production in Gamma Gamma Collisions. Phys. Rev., 
D68:053001, 2003. 

[37] John F. Donoghue and Ling Fong Li. Properties of Charged Higgs Bosons. Phys. 
Rev., D19:945, 1979. 

[38] Loyal Durand, Peter N. Maher, and Kurt Riesselmann. Two Loop Unitarity 
Constraints on the Higgs Boson Coupling. Phys. Rev., D48: 1084-1096, 1993. 

[39] Martin B. Einhorn. Speculations on a Strongly Interacting Higgs Sector. Nucl. 
Phys., B246:75, 1984. 

[40] Martin B. Einhorn and D. R. Timothy Jones. The Effective Potential, the Renor- 
mahsation Group and Vacuum Stability. JHEP, 04:051, 2007. 

[41] J. R. Espinosa and M. Quiros. Improved metastability bounds on the standard 
model Higgs mass. Phys. Lett, B353:257-266, 1995. 

[42] Jonathan L. Feng and Takeo Moroi. Determining tan(beta) from the SUSY Higgs 
Sector at Future e+ e- Colliders. Phys. Rev., D56:5962-5980, 1997. 



105 



[43] Zoltan Fodor, Kieran Holland, Julius Kuti, Daniel Nogradi, and Chris Schroeder. 
New Higgs Physics from the Lattice. PoS, LAT2007:056, 2007. 

[44] L. Lavoura G.C. Branco and J. P. Silva. CP Violation. Oxford University Press, 
Oxford, England, 1999. 

[45] Howard Georgi and Dimitri V. Nanopoulos. Suppression of Flavor Changing 
Effects from Neutral Spinless Meson Exchange in Gauge Theories. Phys. Lett., 
B82:95, 1979. 

[46] J. M. Gerard and M. Herquet. A Twisted Custodial Symmetry in the Two-Higgs- 
Doublet Model. Phys. Rev. Lett, 98:251802, 2007. 

[47] I. F. Ginzburg and I. P. Ivanov. Tree-level Unitarity Constraints in the 2HDM 
with CP- Violation [hep-ph/03 12374]. 2003. 

[48] S. L. Glashow. Partial Symmetries of Weak Interactions. Nucl. Phys., 22:579-588, 
1961. 

[49] Sheldon L. Glashow and Steven Weinberg. Natural Conservation Laws for Neutral 
Currents. Phys. Rev., D15:1958, 1977. 

[50] Sheldon L. Glashow and Steven Weinberg. Natural Conservation Laws for Neutral 
Currents. Phys. Rev., D15:1958, 1977. 

[51] W. Grimus, L. Lavoura, O. M. Ogreid, and P. Osland. A Precision Constraint on 
Multi-Higgs-Doublet Models. J. Phys., G35:075001, 2008. 

[52] W. Grimus, L. Lavoura, O. M. Ogreid, and P. Osland. The oblique parameters in 
multi-Higgs-doublet models. Nucl. Phys., B801:81-96, 2008. 

[53] Benjamin Grinstein and Mark B. Wise. Operator Analysis for Precision Elec- 
troweak Physics. Phys. Lett, B265:326-334, 1991. 

[54] Christophe Grojean, Witold Skiba, and John Terning. Disguising the Oblique 
Parameters. Phys. Rev., D73:075008, 2006. 

[55] Bohdan Grzadkowski, John F. Gunion, and Jan Kalinowski. Finding the CP- 
Violating Higgs Bosons at e+ e- Colhders. Phys. Rev., D60:075011, 1999. 

[56] J. F. Gunion, B. Grzadkowski, H. E. Haber, and J. Kalinowski. LEP Limits on 
CP-Violating Non-Minimal Higgs Sectors. Phys. Rev. Lett, 79:982-985, 1997. 

[57] J. F. Gunion and Howard E. Haber. Higgs Bosons in Supersymmetric Models. 1. 
Nucl. Phys., B272:l, 1986. 

[58] J. F. Gunion and Howard E. Haber. Higgs Bosons in Supersymmetric Models. 2. 
Implications for Phenomenology. Nucl. Phys., B278:449, 1986. 



106 



[59] John F. Gunion and Howard E. Haber. The CP-Conserving Two-Higgs-Doublet 
Modeh The Approach to the Decouphng Limit. Phys. Rev., D67:075019, 2003. 

[60] John F. Gunion and Howard E. Haber. Conditions for CP- Violation in the General 
Two-Higgs- Doublet Model. Phys. Rev., D72:095002, 2005. 

[61] John F. Gunion, Howard E. Haber, Gordon L. Kane, and Sally Dawson. The 
Higgs Hunter's Guide. SCIPP-89/13. 

[62] John F. Gunion, T. Han, J. Jiang, and A. Sopczak. Determining tan(beta) with 
Neutral and Charged Higgs Bosons at a Future e-|- e- Linear Collider. Phys. Lett., 
B565:42-60, 2003. 

[63] H. E. Haber, Gordon L. Kane, and T. Sterling. The Fermion Mass Scale and Possi- 
ble Effects of Higgs Bosons on Experimental Observables. Nucl. Phys., B161:493, 
1979. 

[64] Howard E. Haber. Introductory Low-energy Supersymmetry. Boulder TASI, 
92:0589-688, 1993. 

[65] Howard E. Haber and Yosef Nir. Multiscalar Models with a High-Energy Scale. 
Nucl. Phys., B335:363, 1990. 

[66] Howard E. Haber and Deva O'Neil. Basis-Independent Methods for the Two- 
Higgs-Doublet Model II: The Significance of tan(beta). Phys. Rev., D74:015018, 
2006. 

[67] Howard E. Haber and Alex Pomarol. Constraints from Global Symmetries on 
Radiative Corrections to the Higgs Sector. Phys. Lett., B302:435-441, 1993. 

[68] Lawrence J. Hall, Riccardo Rattazzi, and Uri Sarid. The Top Quark Mmass in 
Supersymmetric SO(IO) Unification. Phys. Rev., D50:7048-7065, 1994. 

[69] Lawrence J. Hall and Mark B. Wise. Flavor Changing Higgs-Boson Couplings. 
Nucl. Phys., B187:397, 1981. 

[70] Thomas Hambye and Kurt Riesselmann. Matching conditions and Higgs mass 
upper bounds revisited. Phys. Rev., D55:7255-7262, 1997. 

[71] Thomas Hambye and Kurt Riesselmann. SM Higgs Mass Bounds from Theory 
[hep-ph/9708416]. 1997. 

[72] Ralf Hempfling. Yukawa Coupling Unification with Supersymmetric Threshold 
Corrections. Phys. Rev., D49:6168-6172, 1994. 

[73] R.A. Horn and C.R. Johnson. Matrix Analysis. Cambridge Univ. Press, Cam- 
bridge, UK, 1990. 



107 



[74] H. HufFel and G. Pocsik. Unitarity Bounds on Higgs Boson Masses in the 
Weinberg-Salam Model with Two Higgs Doublets. Zeit. Phys., C8:13, 1981. 

[75] P. Q. Hung and G. Isidori. Anatomy of the Higgs Mass Spectrum. Phys. Lett., 
B402:122-129, 1997. 

[76] Gino Isidori, Giovanni Ridolfi, and Alessandro Strumia. On the Metastability of 
the Standard Model Vacuum. Nud. Phys., B609:387-409, 2001. 

[77] Gino Isidori, Vyacheslav S. Rychkov, Alessandro Strumia, and Nikolaos Tetradis. 
Gravitational corrections to Standard Model vacuum decay. Phys. Rev., 
D77:025034, 2008. 

[78] S. Jager and S. Willenbrock. Unitarity and the Scale of Fermion Mass Generation. 
Phys. Lett, B435: 139-144, 1998. 

[79] C. Jarlskog. A Basis Independent Formulation of the Connection Between Quark 
Mass Matrices, CP Violation and Experiment. Z. Phys., C29:49 1-497, 1985. 

[80] C. Jarlskog. Commutator of the Quark Mass Matrices in the Standard Electroweak 
Model and a Measure of Maximal CP Violation. Phys. Rev. Lett., 55:1039, 1985. 

[81] Jun-ichi Kamoshita. Impact of Light Higgs Properties on the Determination of 
tan(beta) and m(susy). Prog. Theor. Phys., 100:773-780, 1998. 

[82] Shinya Kanemura, Takahiro Kubota, and Eiichi Takasugi. Lee-Quigg-Thacker 
Bounds for Higgs Boson Masses in a Two Doublet Model. Phys. Lett., B313:155- 
160, 1993. 

[83] Shinya Kanemura, Yasuhiro Okada, Eibun Senaha, and C. P. Yuan. Higgs Cou- 
pling Constants as a Probe of New Physics. Phys. Rev., D70:115002, 2004. 

[84] R. Kinnunen, S. Lehti, F. Moortgat, A. Nikitenko, and M. Spira. Measurement 
of the H/A to tau tau Cross Section and Possible Constraints on tan beta. Eur. 
Phys. J., C40N5:23-32, 2005. 

[85] (ed. ) Langacker, P. Precision Tests of the Standard Electroweak Model. Singa- 
pore, Singapore: World Scientific (1995) 1008 p. (Advanced series on directions 
in high energy physics: 14). 

[86] W. Langguth and I. Montvay. A Numerical Estimate of the Upper Limit for the 
Higgs Boson Mass. Z. Phys., C36:725, 1987. 

[87] L. Lavoura. Signatures of Discrete Symmetries in the Scalar Sector. Phys. Rev., 
D50: 7089-7092, 1994. 

[88] L. Lavoura and Joao P. Silva. Fundamental CP Violating Quantities in a SU(2) 
X U(l) Model with Many Higgs Doublets. Phys. Rev., D50:4619-4624, 1994. 



108 



Benjamin W. Lee, C. Quigg, and H. B. Thacker. The Strength of Weak In- 
teractions at Very High-Energies and the Higgs Boson Mass. Phys. Rev. Lett., 
38:883-885, 1977. 

Benjamin W. Lee, C. Quigg, and H. B. Thacker. Weak Interactions at Very 
High-Energies: The Role of the Higgs Boson Mass. Phys. Rev., D16:1519, 1977. 

M. Lindner. Imphcations of Triviahty for the Standard Model. Zeit. Phys., 
C31:295, 1986. 

Manfred Lindner, Marc Sher, and Helmut W. Zaglauer. Probing Vacuum Stability 
Bounds at the Fermilab Colhder. Phys. Lett, B228:139, 1989. 

Anthony C. Longhitano. Low-Energy Impact of a Heavy Higgs Boson Sector. 
Nucl. Phys., B188:118, 1981. 

M. Luscher and P. Weisz. Is There a Strong Interaction Sector in the Standard 
Lattice Higgs Model? Phys. Lett, B212:472, 1988. 

M. Luscher and P. Weisz. Scaling Laws and Triviality Bounds in the Lattice phi**4 
Theory. 2. One Component Model in the Phase with Spontaneous Symmetry 
Breaking. Nucl. Phys., B295:65, 1988. 

William J. Marciano, G. Valencia, and S. Willenbrock. Renormalization Group 
Improved Unitarity Bounds on the Higgs Boson and Top Quark Masses. Phys. 
Rev., D40:1725, 1989. 

William J. Marciano and Scott S. D. Willenbrock. Radiative Corrections to Heavy 
Higgs Scalar Production and Decay. Phys. Rev., D37:2509, 1988. 

A. Mendez and A. Pomarol. Signals of CP Violation in the Higgs Sector. Phys. 
Lett, B272:313-318, 1991. 

F. D. Murnaghan. The Unitary and Rotation Groups. Spartan Books, Washington, 
DC, 1962. 

E. A. Paschos. Diagonal Neutral Currents. Phys. Rev., D15:1966, 1977. 

G. Passarino and M. J. G. Veltman. One Loop Corrections for e-|- e- Annihilation 
Into mu-|- mu- in the Weinberg Model. Nucl. Phys., B160:151, 1979. 

Michael Edward Peskin and Daniel V. Schroeder. An Lntroduction to Quantum 
Field Theory. Addison- Wesley, Reading, Massachusetts, 1995. 

Michael Edward Peskin and Tatsu Takeuchi. A New Constraint on a Strongly 
Interacting Higgs Sector. Phys. Rev. Lett., 65:964-967, 1990. 

Michael Edward Peskin and Tatsu Takeuchi. Estimation of Oblique Electroweak 
Corrections. Phys. Rev., D46:381-409, 1992. 



109 



[105] Damien M. Pierce, Jonathan A. Bagger, Konstantin T. Matchev, and Ren-jie 
Zhang. Precision Corrections in the Minimal Supersymmetric Standard Model. 
NucL Phys., B491:3-67, 1997. 

[106] Apostolos Pilaftsis and Carlos E. M. Wagner. Higgs Bosons in the Minimal Super- 
symmetric Standard Model with Explicit CP Violation. Nucl. Phys., B553:3-42, 
1999. 

[107] Yu. F. Pirogov and O. V. Zenin. Two-Loop Renormalization Group Restrictions 
on the Standard Model and the Fourth Chiral Family. Eur. Phys. J., C10:629-638, 
1999. 

[108] Alex Pomarol and Roberto Vega. Constraints on CP violation in the Higgs Sector 
from the Rho Parameter. Nud. Phys., B413:3-15, 1994. 

[109] Jianming Qian. Higgs Searches at the Fermilab Tevatron pp Collider. Fermilab- 
conf-08-575-e. 

[110] D. Rainwater. Searching for the Higgs Boson [hep-ph/0702124]. 2007. 

[Ill] K. Riesselmann and S. Willenbrock. Ruling Out a Strongly-Interacting Standard 
Higgs Model. Phys. Rev., D55:311-321, 1997. 

[112] Marc Sher. Electroweak Higgs Potentials and Vacuum Stability. Phys. Kept., 
179:273-418, 1989. 

[113] Marc Sher. Precise Vacuum Stability Bound in the Standard Model. Phys. Lett., 
B317:159-163, 1993. 

[114] Marc Sher and Helmut W. Zaglauer. Cosmic Ray Induced Vacuum Decay in the 
Standard Model. Phys. Lett, B206:527, 1988. 

[115] Andre Sopczak. Status of Higgs Boson Searches at the Tevatron. Fermilab- conf- 
09-088-e-ppd-t, 2009. 

[116] J.L. Synge and A. Schild. Tensor Calculus. Dover publications. Inc., New York, 
NY, 1978. 

[117] The ALEPH, DELPHI, L3, OPAL, SLD Cohaborations, the LEP Electroweak 
Working Group, the SLD Electroweak and Heavy Flavour Groups. Precision 
Electroweak Measurements on the Z Resonance. Phys. Kept., 427:257, 2006. 

[118] H. Arthur Weldon. The Effects of Multiple Higgs Bosons on Tree Unitarity. Phys. 
Rev., D30:1547, 1984. 



110 



